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AN APPLICATION OF BANACH’S FIXED POINT THEOREM IN A

PERTURBED METRIC SPACE TO AN INTEGRAL EQUATION

MARIA DOBRIŢOIU

Abstract. Using the Banach’s fixed point theorem in a perturbed metric space, in

this paper we present a new existence and uniqueness result for the solution of a

nonlinear Fredholm integral equation. Finally, we give an example to illustrate the
application of the obtained abstract result.

1. Introduction

Most studies on the existence and uniqueness of integral equations solutions in a metric
space have used as a basic tool Banach’s fixed point theorem (also known as the Contract-
ing Principle) or its generalizations. These generalizations have been made in two ways:
the first one, by introducing generalized contraction functions ([3]), and the second one,
by using the contraction function in a metric space endowed with a generalized metric, i.e.
in a generalized metric space ([5]). By applying some generalizations of the Contraction
Principle ([4], [11]), the study of the solutions of integral equations was supplemented
with new existence and uniqueness results. In order to obtain another result of existence
and uniqueness for the solution of an nonlinear Fredholm integral equation, in this paper
we will use the Banach ’s fixed point theorem in a perturbed metric space, i.e. in a
nonempty set endowed with a perturbed metric.

In this paper we will consider the following nonlinear Fredholm integral equation:

x(t) =

∫ b

a

K(t, s, x(s), x(a), x(b))ds+ f(t), t ∈ [a, b], (1)

where a, b ∈ R, a < b; K : [a, b]× [a, b]× R3 → R, f : [a, b]→ R and x ∈ C[a, b].
Some properties of the solution of this integral equation were studied using known

classical theorems and the obtained results can be found in several papers, of which we
mention [1] and [6]–[9]. To obtain these properties, some results from [2], [4] and [13]
were used.

Now, we will add to the study of the nonlinear Fredholm integral equation (1) a new
result for the existence and uniqueness of its solution in a perturbed metric space (notion
was introduced in [12]) and obtained by applying a generalization of Banach’s fixed point
theorem ([11], [12]).

For some results related to integral equations, papers [2] and [10] have been consulted.
Also, for certain results from the fixed point theory, papers [3], [5], [9] and [13] have been
consulted.

This paper is organized into four sections.
The section 1 contains a brief introduction to the topic of this article and the nonlinear

Fredholm integral equation (1), the solution of which will be studied in section 3, is
presented.
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In section 2, Preliminaries, we recall the definitions concerning some new notions ([12]),
that will be used in order to obtain another existence and uniqueness theorem for the
solution of the nonlinear Fredholm integral equation (1). Also, this section present an
extension of Banach’s fixed point theorem to a perturbed metric space ([12]).

The main result of this paper is presented in section 3, as an existence and uniqueness
theorem for the solution of the nonlinear Fredholm integral equation (1) in a perturbed
metric space.

The last section contains some brief conclusions on the result presented in this paper.

2. Preliminaries

Following [11] and [12], we present the notions and the theorems that will be used in
order to obtain the main result of this paper, presented in the next section.

First of all, the following notions will be recalled: perturbed metric on a nonempty set
X, perturbed convergent sequence, perturbed metric space, perturbed Cauchy sequence,
complete perturbed metric space and perturbed continuous function.

Let X be a nonempty set.

Definition 1 ([12]). Let D,P : X ×X → [0,+∞) be two given functions. The function
D is called a perturbed metric on X with respect to P , if the function

D − P : X ×X → R,
defined by the relation:

(D − P )(x, y) = D(x, y)− P (x, y), for all x, y ∈ X
is a metric on X, i.e. for all x, y, z ∈ X, it satisfies the following conditions:

(i) (D − P )(x, y) ≥ 0;
(ii) (D − P )(x, y) = 0 if and only if x = y;

(iii) (D − P )(x, y) = (D − P )(y, x);
(iv) (D − P )(x, y) ≤ (D − P )(x, z) + (D − P )(z, y)].

P is called a perturbing function and respectively, D − P is an exact metric.
The set X endowed with D, a perturbed metric with respect to P , respectively, (X,D,P )

is called a perturbed metric space.

Remark 1. A perturbed metric on X is not always also a metric on X.

In [12] an interesting example of a perturbed metric defined on the space C[0, 1] is
presented.

In what follows we present another example of a perturbed metric and respectively a
perturbed metric space.

Example 1. In the continuous functions set defined on the interval [0, 1], i.e. C[0, 1],
we consider the function D : C[0, 1]× C[0, 1]→ [0,+∞) defined by the relation:

D(f, g) :=

∫ 1

0

|f(s)− g(s)|ds+
(
f(1)− g(1)

)2
, f, g ∈ C[0, 1].

In this example D is a perturbed metric on C[0, 1] with respect to the perturbing function
P : C[0, 1]× C[0, 1]→ [0,+∞), defined by the relation:

P (f, g) :=
(
f(1)− g(1)

)2
, f, g ∈ C[0, 1],

and the exact metric is the function d : C[0, 1]×C[0, 1]→ [0,+∞) defined by the relation:

d(f, g) :=

∫ 1

0

|f(s)− g(s)|ds, f, g ∈ C[0, 1].
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Therefore, (C[0, 1], D, P ) is the perturbed metric space and (C[0, 1], d) is the standard
metric space.

Next we recall the definition of the following notions: perturbed convergent sequence,
perturbed Cauchy sequence and perturbed continuous function, all these in a perturbed
metric space (X,D,P ). Also, we recall the definition of a complete perturbed metric
space (X,D,P ).

Definition 2 ([12]). Let (X,D,P ) be a perturbed metric space, {zn} a sequence in X,
and T : X → X.

(i) We say that {zn} is a perturbed convergent sequence in (X,D,P ), if {zn} is a
convergent sequence in the metric space (X, d), where d = D − P is the exact
metric.

(ii) We say that {zn} is a perturbed Cauchy sequence in (X,D,P ), if {zn} is a Cauchy
sequence in the metric space (X, d).

(iii) We say that (X,D,P ) is a complete perturbed metric space, if (X, d) is a complete
metric space, or, equivalently, if every perturbed Cauchy sequence in (X,D,P ) is
a perturbed convergent sequence in (X,D,P ).

(iv) We say that T is a perturbed continuous function, if T is continuous with respect
to the exact metric d.

We recall below, the Banach’s fixed point theorem (Contraction Principle) in a standard
metric space.

Theorem 1. (Contraction Principle) ([13]) Let (X, d) be a complete metric space and
A : X → X an α-contraction, (α < 1). Then A has a unique fixed point x∗ ∈ C[a, b].

Banach’s fixed point theorem above has been extended to a complete perturbed metric
space ([12]). We present this theorem below.

Theorem 2. ([12]) Let (X,D,P ) be a complete perturbed metric space and T : X → X
be a given function. Assume that the following conditions hold:

(i) T is a perturbed continuous function;
(ii) There exists α ∈ (0, 1) such that

D(Tu, Tv) ≤ αD(u, v), for all u, v ∈ X.
Then, T has a unique fixed point.

Remark 2. The fixed point theorem above includes the Banach’s fixed point theorem in
an usually metric space (Theorem 1).

In the next section we will use a complete perturbed metric space to obtain the main
result of this paper.

3. Main result

Now, we will apply the Banach’s fixed point theorem in a perturbed metric space (The-
orem 2) in order to study the existence and uniqueness for the solution of the nonlinear
Fredholm integral equation (1):

x(t) =

∫ b

a

K(t, s, x(s), x(a), x(b))ds+ f(t), t ∈ [a, b],

where a, b ∈ R, a < b; K : [a, b]× [a, b]× R3 → R, f : [a, b]→ R and x ∈ C[a, b].
We consider the continuous functions set defined on [a, b], namely

C[a, b] = {f : [a, b]→ R | f is continuous on [a, b]}
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and the function D : C[a, b]× C[a, b]→ [0,+∞), defined by the relation:

D(x, y) := max
t∈[a,b]

∣∣x(t)− y(t)
∣∣+ τ

(
x(a)− y(a)

)
, τ ≥ −1, x, y ∈ C[a, b]. (2)

The function D is a perturbed metric on C[a, b] with respect to the perturbing function
P : C[a, b]× C[a, b]→ [0,+∞), defined by the relation:

P (x, y) := τ
(
x(a)− y(a)

)
, τ ≥ −1, x, y ∈ C[a, b]. (3)

The function d : C[a, b]× C[a, b]→ [0,+∞) defined by the relation:

d(x, y) := max
t∈[a,b]

∣∣x(t)− y(t)
∣∣, x, y ∈ C[a, b] (4)

is an exact metric on C[a, b].
Consequently, (C[a, b], D, P ) is a perturbed metric space and (C[a, b], d) is a standard

metric space.
Now, using the Banach’s fixed point theorem in a complete standard metric space,

we will recall below an existence and uniqueness theorem for the solution of the integral
equation (1) in the complete metric space (C[a, b], d), where the metric is the function d
defined by the relation (4). This result was obtained and published in 1978 ([1]).

Theorem 3. ([1]) Let (C[a, b], d) be a complete metric space and consider the nonlinear
Fredholm integral equation (1). If the following conditions are satisfied:

(i) K ∈ C([a, b]× [a, b]× R3);
(ii) f ∈ C[a, b];

(iii) there exists L > 0 such that∣∣K(t, s, u1, u2, u3)−K(t, s, v1, v2, v3)
∣∣ ≤ L(|u1 − v1|+ |u2 − v2|+ |u3 − v3|

)
,

for all t, s ∈ [a, b], ui, vi ∈ R, i = 1, 2, 3;
(iv) 3L(b− a) < 1,

then the integral equation (1) has a unique solution x∗ ∈ C[a, b].

In addition to the metric d defined by the relation (4), in the proof of this theorem,
Chebashev norm:

||x||C = max
t∈[a,b]

∣∣x(t)
∣∣, x ∈ C[a, b]

was also used.
Using the Banach’s fixed point theorem in a complete perturbed metric space (Theorem

2) we will present below another existence and uniqueness result for the solution of the
integral equation (1).

Theorem 4. Let (C[a, b], D, P ) be a complete perturbed metric space, where D is a per-
turbed metric defined by (2) and P is a perturbing function defined by (3).

In this complete perturbed metric space we consider the nonlinear Fredholm integral
equation (1) and suppose that the following conditions hold:

(i) K ∈ C([a, b]× [a, b]× R3);
(ii) f ∈ C[a, b];

(iii) there exists L > 0 such that∣∣K(t, s, u1, u2, u3)−K(t, s, v1, v2, v3)
∣∣ ≤ L(|u1 − v1|+ |u2 − v2|+ |u3 − v3|

)
,

for all t, s ∈ [a, b], ui, vi ∈ R, i = 1, 2, 3;
(iv) 3L(b− a) < 1, for all τ ≥ −1.

Then the integral equation (1) has a unique solution x∗ ∈ C[a, b].
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Proof. It is known that the set C[a, b] endowed with the metric d defined by the relation
(4), i.e. (C[a, b], d) is a complete metric space. Consequently, by (iii) of Definition 2, it
results that (C[a, b], D, P ) is a complete perturbed metric space.

We attach to the integral equation (1), the operator A : C[a, b]→ C[a, b], defined by

A(x)(t) :=

∫ b

a

K(t, s, x(s), x(a), x(b))ds+ f(t), (5)

for all x ∈ C[a, b] and t ∈ [a, b].
The set of the solutions of the integral equation (1) coincides with the set of the fixed

points of the operator A.
Using the properties of an integral operator from the definition of the operator A,

defined by the relation (5) and the hypotheses (i), (ii), it results that the operator A is
continuous with respect to the exact metric d, defined by the relation (4). Then by (iv)
of Definition 2, it results that A is a perturbed continuous operator in (C[a, b], D, P ).

Next, to satisfy hypothesis (ii) of Theorem 2, we estimate the difference:

∣∣∣A(x)(t)−A(y)(t)
∣∣∣ =

∣∣∣ ∫ b

a

K(t, s, x(s), x(a), x(b))ds−
∫ b

a

K(t, s, x(s), x(a), x(b))ds
∣∣∣

=
∣∣∣ ∫ b

a

[
K(t, s, x(s), x(a), x(b))−K(t, s, x(s), x(a), x(b))

]
ds
∣∣∣

≤
∫ b

a

∣∣∣K(t, s, x(s), x(a), x(b))−K(t, s, x(s), x(a), x(b))
∣∣∣ds

and using the hypothesis (iii) it results∣∣∣A(x)(t)−A(y)(t)
∣∣∣ ≤ L∫ b

a

(∣∣x(s)− y(s)
∣∣+
∣∣x(a)− y(a)

∣∣+
∣∣x(b)− y(b)

∣∣)ds. (6)

In what follows, we will establish the conditions under which the hypothesis (ii) of
Theorem 2 is fulfilled. For this, using (6), we will determine a constant α ∈ (0, 1) such
that

D(A(x), A(y)) ≤ αD(x, y), for all x, y ∈ C[a, b].

We have

D(A(x), A(y)) = max
t∈[a,b]

∣∣A(x)(t)−A(y)(t)
∣∣+ τ

(
A(x)(a)−A(y)(a)

)
and

D(x, y) = max
t∈[a,b]

∣∣x(t)− y(t)
∣∣+ τ

(
x(a)− y(a)

)
.

Now, using (6) and the Chebyshev norm we obtain

3L(b− a)(1 + τ)‖x− y‖C ≤ (1 + τ)‖x− y‖C , x, y ∈ C[a, b],

that is true for 3L(b− a) < 1 and for all τ ≥ −1. The proof is complete. �

Finally, we present an application of the Theorem 4 in the following example.

Example 2. Consider the following nonlinear Fredholm integral equation:

x(t) =

∫ 1

0

[ x(s)

t+ s+ 4
+
tx(0) + sx(1)

4

]
ds+ sint, t ∈ [0, 1], (7)

where K : [0, 1] × [0, 1] × R3 → R, K(t, s, u1, u2, u3) = u1

t+s+4 + tu2+su3

4 , f : [0, 1] → R,

f(t) = sin t and x ∈ C[0, 1].



56 MARIA DOBRIŢOIU

In this case, we will use the space C[0, 1] endowed with the metric D : C[0, 1]×C[0, 1]→
[0,+∞) defined by the relation:

D(x, y) = max
t∈[0,1]

∣∣x(t)− y(t)
∣∣+ τ

(
x(0)− y(0)

)
, τ ≥ −1, x, y ∈ C[0, 1].

D is a perturbed metric on C[0, 1] with respect to the perturbing function P : C[0, 1] ×
C[0, 1]→ [0,+∞), defined by the relation:

P (f, g) = τ
(
x(0)− y(0)

)
, τ ≥ −1, x, y ∈ C[0, 1].

The exact metric is the function d : C[0, 1]× C[0, 1]→ [0,+∞) defined by the relation:

d(x, y) = max
t∈[0,1]

∣∣x(t)− y(t)
∣∣, x, y ∈ C[0, 1].

(C[0, 1], D, P ) is a complete perturbed metric space and (C[0, 1], d) is a complete standard
metric space.

To this integral equation we attach the operator A : C[0, 1] → C[0, 1] defined by the
relation:

A(x)(t) :=

∫ 1

0

[ x(s)

t+ s+ 4
+
tx(0) + sx(1)

4

]
ds+ sint, t ∈ [0, 1], x ∈ C[0, 1].

We verify the conditions of Theorem 4 and obtain

L =
3

4
< 1, and τ ≥ −1

2
, [−1

2
,+∞) ⊂ [−1,+∞).

Therefore, the integral equation (7) has a unique solution in the perturbed metric space
(C[0, 1], D, P ).

4. Conclusions

The Fredholm integral equation is one of the most well known integral equations. For
the nonlinear Fredholm integral equation (1) studied in this paper, new conditions of the
existence and uniqueness of the solution were established (Theorem 4), using the notions
of perturbed metric, perturbed metric space, complete perturbed metric space introduced
in [xx] and applying the Banach’s theorem in a perturbed metric space.
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