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SOME OSTROWSKI TYPE INEQUALITIES FOR TWO
SIN-INTEGRAL TRANSFORMS OF ABSOLUTELY CONTINUOUS
FUNCTIONS

SILVESTRU SEVER DRAGOMIR!?2 AND GABRIELE SORRENTINO?

ABSTRACT. For a Lebesgue integrable function f : [a,b] C [-7/4,7/4] — C we con-
sider the sin-integral transforms

Sy (x) := /bf(t)sin(ac —t)dt, = € [a,b]
and . ’ .
5 (@) ::/ F () sin (t — a)dt—i—/ F(t)sin(b—t)dt, = € [a,b].
We provide in this p;per some upper boundsz for the quantities
|f(b)cos(b— x) — f(a)cos(x —a) — Sy (ac)|
and

’:s‘f (@) — [f (@) + f (b) — 2cos (Z’_Ta) cos (x— “;“b) f(x)”

for z € [a,b], in terms of the p-norms of the derivative f’ for absolutely continuous
functions f : [a,b] C [-7/4,7/4] — C.

1. INTRODUCTION

In 1938, A. Ostrowski [5], proved the following inequality concerning the distance
between the integral mean ;- fab f (t) dt and the value f (x), z € [a, b].
Theorem 1. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b) such
that ' : (a,b) — R is bounded on (a,b), i.e., ||| := sup |f'(t)] <oo. Then
te(a,b)

_atb\?
< i+<”“’b_;> 1l (b —a). (1)

a

1 - .
for all x € [a,b] and the constant 7 is the best possible.

The following result, which is an improvement on Ostrowski’s inequality, holds.
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Theorem 2 (Dragomir, 2002 [2]). Let f : [a,b] — C be an absolutely continuous function
on [a,b] whose derivative f' € Lo [a,b]. Then

b
yﬂ@— ! /1ﬂﬂﬁ @)

b—a

1
m |:Hf/||[a,z],oo (.’IJ - a)2 + ||f/||[a:,b],oo (b — J,‘)2:|

2
1 r — atb
/! - 2 b— .
1" Na,6),00 4+< b a ) (b—a);

for all z € [a,b], where |||, ny.oo denotes the usual norm on Lo [m,n], i.e., we recall
that

IN

IN

191l n),00 = €88 sUP g ()] < 0.
te[m,n]

The case of 1-norm is as follows:

Theorem 3 (Dragomir, 2002 [1]). Let f : [a,b] — C be an absolutely continuous function
on [a,b]. Then

3)

b
f@) -5 [ rwa

r—a b—=x
A 1 Nazp1 + —a [T

IN

b
1 + ]x—i I
— |2 b—a [a,8],1
for all z € [a,b], where |||, . denotes the usual norm on Ly [m,n] with m < n, i.e.,

we recall that

9l i= [ lo®ldt <.

m

The following inequality for the p-norms also holds.

Theorem 4 (Dragomir, 2013 [3]). Let f : [a,b] — C be an absolutely continuous function
on [a,b]. If f' € Ly[a,b], then

(4)

b
P“ﬂ—bia/‘ﬂﬂﬁ
1

atl a+l
r—a\) ¢ , b—ax)\ ¢ , 1/q
< (q+1)1/q [(b—a) Hf ||[a,:z:],p+ <b—a> ||f ||[r,b]p‘| (b_a’)
1
< -
T g+ D)

o o & r—a K b—x T/BF 1/q
X (Hf ||[a,z],p+ ||f ||[m,b],p> (b—a) + (b_ a) (b_ a)
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for all z € [a,b], where a > 1 and 1 —1—% =1, p,g > 1 with %—&-% =1 and |-y
denotes the usual p-norm on Ly, [m,n| with m < n, i.e., we recall that

n 1/p
19l = (/ g(t)dt) < oo.

More related results are presented in recent survey paper [4].
For a Lebesgue integrable function f : [a,b] C [-7/4,7/4] — C we consider the sin-
integral transforms

b
S; (x) ;z/ F(#)sin (@ — ) dt, @ € [a, ]
and
- @ b
Sy (x) ::/ f(t)sin(t—a)dt+/ f@)sin(b—t)dt, x € [a,b].

Motivated by the above results, ee establish in this paper some upper bounds for the
quantities

| (b) cos (b —x) — [ (a) cos (x — a) — Sy (x)]

and

35— 1@+ 70— 20os (150 s (- “40) 0|

for € [a,b], in terms of the p-norms of the derivative f’ for absolutely continuous
functions f : [a,b] C [-7/4,7/4] — C.

2. ERROR BOUNDS FOR Sf

The first main result is as follows:

Theorem 5. If f is absolutely continuous on [a,b] C [—n/4,7/4] with f' € Ly [a,b],
then

| (b) cos (b —x) — f(a) cos (x — a) — Sy (x)] ®)
< 2sin (b;a) cos (:c — a—2|—b> 1 W .00, 00
for all x € [a,b].

pr7q>1with%+$:1 and f' € L, a,b], then

|f (b) cos (b— ) — f (a) cos (x — a) — Sy (2)]| (6)

b 1/q
< (/ cos? (t — x) dt) ||f/||[a7b]7p

for all x € [a,b].
Also, we have

|f (b) cos (b—x) — £ (a) cos (z — a) = S ()] < [[f'l|ap1.1 (7)

for all x € [a,b].
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Proof. Using the integration by parts formula, we get
/ " P (1) cos (o — 1) dt (8)
— F(t)cos(z— 1) /f )sin (z — £) dt
— F(b)cos (x — b) — f (a) cos (z — a) 7/ F () sin (@ — ¢) dt

= f(b)cos (b—x) — f(a)cos(z —a) — St (z)

for all € [a,b].
By taking the modulus we have, since |t — x| < s

|f (b)cos (b—x) — f(a)cos(z—a)— S (z)]
b
< [ 17 @leos(e - o] ds

"(t) cos (z —t) dt

b b
:/ |f (t)|cos (t — z)dt < Hf’||[a,b]m/ cos (t — ) dt

= 1" lfa..00 80 (b = ) = sin (@ — )]
= ||f’||[a7b]7Oo [sin (b — z) + sin (z — a)]

zgsm(b—;)cos(x ””)nfab

for all € [a,b], which proves (5).
Using Holder’s inequality for p, ¢ > 1 with 1% + % =1, we get

b b 1/p b 1/q
/ [f" ()| cos (t —z)dt < (/ |f (t)|pdt> (/ cos? (t — ) dt)
b 1/q
=11 lfa,p). </ cos? (t — ) dt)

for all € [a,b], which proves (6).

Also
/|f )| cos (t —x)dt < sup cost—:v/|f
t€la,b]
= sup cos (t — ) [[f a1 = 1 a1
t€la,b]
for all z € [a,b], which proves (7). O
Remark 1. In particular, if we take x = %rb, then we get from Theorem 5 that

0 - f@leos (“50) =5y (450 )] < 2500 (U5 Wl ©)
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for f’ € Ly [a,b]

7o~ r@leos("5%) - 50 (5] (10

b AN
a
S(/a cos? (t— 5 )dt> 1,01,
forp,q>1with%—i—%:landf’eLp[a,b] and
b—a a+b
0 - s @eos (U50) =5y (50| < 1w (1)

Corollary 1. If f is absolutely continuous on [a,b] C [—w/4,7/4] with f' € Ly|a,b],
then

|f (b) cos (b —z) — f (a) cos (z — a) — S ()] (12)
< Lo (14 2O oy (o V) P

for all x € [a,b].
In particular,

o - f@eos (45) <5, (57| (13
< g (b—a)’ (1 + Sinb(b__aa)y/z 17 1.2

Proof. From (6) we have for p = ¢ = 2 that
|f (b) cos (b —x) — [ (a) cos (x — a) — Sf (z)| (14)

, 1/2
< </ cos? (t—x)dt> Hf/H[a,b],z
a

for all x € [a,b].
Observe that

b
/ cosQ(t—x)dt:%(b—a)+i[sin(2(b—m))+sin(2(x—a))]

:%(b—a)ﬁ-%sm(b—a)cos {2 (x_“;b)]

;(ba+sin(ba)cos [2(1;“;17)})
:%(b—a) (1+Smb(li_aa)cos [Z(JJ—CL;Z))D’

which by (14) gives the desired result (12). O

3. ERROR BOUNDS FOR §f

We also have:
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Theorem 6. If f is absolutely continuous on [a,b] C [—n/4,7/4] with f' € Ly [a,b],
then

‘gf () — {f (a) + f (b) — 2cos (b;a) Cos (a: - a—2|—b> f(x)} (15)
< Ma,a),00 850 (2 = @)] 4+ 1l g 4 00 S0 (0 — )
< 21 Nl fap),00 Si0 <b2a> cos <x - a;b)
for x € [a,b].
Ifp,g>1 with%Jr%:l and f' € Lya,b], then
’gf () — {f (a) + f (b) —2cos <b ; a) cos <x — a—2|—b> f(a:)] (16)
x 1/q x 1/q
<1 g ([ cost =) 15 ([ cost 0 01
T T 1/
<1 oo p (/ cos? (t — a) dt+/ cos? (t — b) dt) '
for x € [a,b].
Also, we have
‘§f () — {f(a)+f(b) —2cos(b2 )cos (1:— “;b> f(a:)} (17)

<M M
forz € la,b].

Proof. Using integration by parts, we have
/wf/(t)cos(t—a)dt: f(t)cos(t—a)l, +/$f(t)sin(tfa)dt
= f(z)cos(z —a) —f(a)+/$f(t)sin(t—a)dt
and
b b
/ F'(t)cos (t—b) = f (t)cos (t —b)[” +/ f(t)sin (t — b) dt
b
= f(b) — f(z)cos(b—x) —|—/ f(t)sin(t — b)dt
o
=f () — f(z)cos(b—x) 7/ f()sin(b—t)dt

for x € [a, b].
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If we subtract from the first identity the second, then we get

T b
/f’(t)cos(t—a)dt—/ £ (1) cos (t — b)
:f(x)cos(x—a)—f(a)—|—/xf(t)sin(t—a)dt

b
—f(b)+f(x)cos(b—x)+/ f(t)sin(b—t)dt

= f () [cos (b— ) + cos (x — a)] — f (a) — f (b) + Sy (x)
=5y @) = 7@+ 7 0)~ 2008 (5 os (0= “57) 1)

for x € [a, b].
If we take the modulus and take into account the fact that <¢ —a,b—t < 7, we get

550 = [ 1@+ £ 0) - 200 (15 eos (- 5 2) 0|

x b
/f’(t)cos(t—a)dt+/ £/ (1) cos (t — b)

<

b
/ £ (t) cos (t — b)

/: f(t)cos (t —a)dt‘ +

T b
S/ \f/(t)|COS(t—a)dt+/ |f' (t)| cos (t —b) dt

b

< ||f/||[a,w],oo/ COS(t—a)dt—f— Hle[x,b],oo/ Ccos (b_t) dt
1 e 550 (2 — )] 1 gy 550 (6 — 2)
< max {1 e+ 1 e} sin 2 @) 500 (6 — )

b—a a+b
i / .
=115 ap),00 [2 sin <2> cos <x - )]
b— b
= 2£'l0 00 S0 (2> <x et )

for « € [a,b], which proves (15)
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Using Holder’s inequality for p, ¢ > 1 with % + % =1 we have

b;a>008<x_a—2&—b)f(w)}

/a|f/ cos (t —a) dt+/|f )| cos (t —b) dt
(/ |f(t |pdt>1/p (/a cosq(t—a)dt)l/q
+</b|f' |pdt> (/bcosq(t—b)dt>1/q

85 a) = | @)+ £ ) ~ 205

IN

IN

1/p

([1rora) a K/:f’u»”dt)”pr)
((f

1/a\ ¢ b 1/g\ 1719
cos? (t — a) dt) ) —|—(</ cosq(t—b)dt> )]
1/p
If’ |”dt+/ 1 (t |pdt>
b
X (/ cos? (t — a) dt—l—/ cosq(t—b)dt>
/p T b 1/q
</ |f’(t)|pdt> (/ Cosq(tfa)dtwL/ cosq(tb)dt>

for x € [a, b], which proves (16).
Finally, we also have

550 = |7 @)+ £ ) 2005 (25" ) cos (2= 252 o)

T b
S/ \f’(t)ICOS(tfa)dt+/ |f' (t)| cos (t — b) dt

< sup cos( t—a/ |f (t)|dt + sup cos ( t—b/\f ()] dt
t€la,z] te€[z,b]

/amf’(t)|dt+/m If’(t)ldt/ablf’(t)dt’

for x € [a, b], which proves (17).

1/q
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Remark 2. In particular, if we take x = ‘IT'H’, then we get from Theorem 6 that

5 (450 - [rs ro -2 (150) 5 (42)] (18)
< (1 e+ 17 i (252

. b—a
S 2||f’||[a,b])oo Sin ( 2 )

for f' € Lo [a,b)].
Ifp, g>1 with%—k%zl and f' € Ly a,b], then

’gf (a;b>‘[f<a>+f<b>—zcos(b;a>f<a;b>H o
o ([ <t-a>dt>”q

2] ( [ et dt) "

<1 s ( [ ostt-mars [ o (tb)dt>1/q

<I1fN,

2

5 (450 - [r@+ 10 =200 (232 £ (52)]| € 1+ 0

Corollary 2. If f is absolutely continuous on [a,b] C [—m/4, /4] with f' € Lo[a,b],
then

and

55— £ @+ £ 0= 2008 (5% )eon (2= 25 0) £ 0)]| (21)
T Car N
s (324 S -2)
< 0 1 (1 D s 2 (- 1))
for @ € [a,b].

In particular,

o () - froero e (550)1(457)

<1 b 1/2 , , 1 sin (b — a) 1/2
< 5 0= 0" (1 oo + 17 ) {1+ 252

NG sin (b—a)\"/?
<5 (b—a)'/? 1"l a,00,2 (1 + (a)> '

b—
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Proof. From (16) for p = q = 2 we get
5 @) = [P+ £0) = 2008 (5% )eos (2= 25 ) 1 0|

z 1/2 b 1/2
(a,0],2 (/ cos? (t — a) dt> + ||f/||[w7b]72 (/ cos? (t — b) dt)

T b 1/2
(a,b],2 (/ cos® (t —a) dt + / cos? (t — b) dt)

< |If

< £

for x € [a, b].
Observe that
1 1

/a COSQ(t—a)dtZ5(%‘—(1)—}—18111(2(1‘—@)),
[ eost@-nyar= L)+ Lsmeo )
Icos =3 z) +  sin x

and
b

T
/COSQ(t—a)dt-i-/ cos? (t — b) dt
a

xT

:%(x—a)—kfsm(Q(x—a))—i—%(b—x)-ﬁ-fsin(Q(b—x))
1 1 1 .
:§+Zsm(2(b—m))+ZSIH(2(x_a))
1 1 . a+b
2(ba)+231n(ba)cos{2(z > ﬂ

:;(b—a+sin(b—a)‘3°s [2 (x_a;rbﬂ)

=2 0-a) (”b(b_) W‘a;bm

for x € [a, b], which proves (21).

4. SOME EXAMPLES

Consider the function ¢, (t) =t?, p > 1, ¢t € [a,b] C [0,7/4]. Then

b
Se, (x) == / tP sin (x — t) dt,
and ,
gep (z) := / tPsin (t — a) dt + / tP sin (b —t) dt,

for x € [a,b].
Therefore by (5) we obtain

|b? cos (b — ) — aP cos (x — a) — Sy, ()]

b—a a+b
<92 p—1 _
< 2pb sm( 7 )cos (x 5 )

for x € [a, b].
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Forac:aTH’

‘(bp — aP) cos <b ; a> — Se, <a2+b>‘ < 2pbP~ L sin (l>2a> (25)

If we use (15), then we get

we get

gep (x) — [ap +bP — 2cos <b—2a> cos (gc _a —2|— b) xp] (26)
<2pbplsin(b_a)cos<x—a+b>
2 2
for x € [a, b].
Forx:‘%rbweget
5, (et? P pp b—a a+b\”
Sep( D) > |:a +b 2(308( 5 )( 5 ) (27)

h—
< 2pbP~Lsin ( 3 a)

Also, we consider the function f(t) = expt? = exp¥{, (t), t € [a,b] C [0,7/4], p > 1.
We have f'(t) = pt?~ ' exp £, (t) and || f'[l{, 4,00 = Pb"~" exp (b7) . Then

b
Sexpe, (T) = / expl, (t)sin (z —t) dt, = € [a,b]
and
~ b

Sexpe, () = / exp ¥, (t)sin (t — a) dt + / expl, (t)sin(b—t)dt, = € [a,b].

From (5) we get
lexp €, (b) cos (b — x) — explp (a) cos (x — a) — Sexpe, (£E)| (28)

< 2pbP~ 1 exp (V) sin <b—2a> cos (ac ¢ ;_ b)
for x € [a,b].

If we take x = “TH’, then we get

[exp £, (b) cos — exp £y (a)] (b 5 a) — Sexpe, <“ ; b) ’ (29)

< 2pbP~Lexp (V) sin (b ; a)
If we use (15), then we get

(30)

Sexpe, () — [f (a) + f (b) — 2 cos <1’2“> cos (:1: - “2”’) exp x”]

- b
< 2pbp71 exp (bp) sin <b2(1> cos (l‘ — CL;—)

for x € [a, b].
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If we take x = a7+b’ then we get

a+b

Sexp 25 (2

b—
< 2pbP~exp (bP) sin (

).

) - {f<a>+f(b>2cos (I)Qa) eXP<

5. SOME NUMERICAL EXPERIMENTS

Let a € [0,7/4) and ¢ small with[a,a + €] C [0,7/4] . Consider

b
S, (r) := / tP sin (z — t) dt.

Then by (25) we have that

Table 1 details the numerical values of Sy, (

Bla,e) = ‘((a + &) — aP) cos (f) -

Lgin (E> .
2

< 2p(a+e)P”

(32) for some choices of a and e.

2a+e

)

(31)

(32)

t2), B (a,¢), and its upper bound from

a; = 0.0 az = 0.1 ag = 0.2 ag = 0.3 as — 0.4 ag — 0.5
Se, (29£= e=0.1 —8.331E — 06 —2.4996F — 05 —4.166E —05 —5.832E —05 —T7.498E —05  —0.000092
B(a,e) 0.009996 0.029988 0.049979 0.069971 0.089963 0.109954
Upper Bound 0.019992 0.039983 0.059975 0.079967 0.099958 0.119950
€=0.01 —8.333E — 10 —1.750E —08  —3.417E —08 —5.083E —08 —6.750E —08 —8.417E — 08
0.000100 0.002100 0.004100 0.006100 0.008100 0.010100
0.000200 0.002200 0.004200 0.006200 0.008200 0.010200
e =0.001 —8.333E — 14 —1.675E —11  —3.342E — 11  —5.008E — 11  —6.675E — 11  —8.342E — 11
1.000E — 06 0.000201 0.000401 0.000601 0.000801 0.001001
2.000F — 06 0.000202 0.000402 0.000602 0.000802 0.001002
€=0.0001 —8.333E — 18 —1.668E — 14  —3.335E — 14  —5.000E — 14  —6.670E — 14  —8.337E — 14
1.000E — 08 2.001E — 05 4.001E — 05 6.001E — 05 8.001E — 05 1.0001E — 04
2.000E — 08 2.002E — 05 4.002E — 05 6.002E — 05 8.002E — 05 1.0002E — 04
€=0.00001 —833333E—22 —1.7045FE —17 —3.7509E —17 —3.6116E — 17 —6.9415E — 17 —6.1079E — 17
1.0000E — 10 2.0001E —06  4.0001E —06  6.0001E — 06  8.0001E —06  1.00001E — 05
2.0000E — 10 2.0002E — 06  4.0002E — 06  6.0002E — 06  8.0002E — 06  1.00002E — 05
TABLE 1. Numerical results for p = 2 and various a and «.

Table 2 details the values of Sy, (5), for N = 32 and various ¢, and various quadrature
2

(Newton-Cotes) rules (including absolute differences).

Next is a graphical representation of the absolute error for various integer p,
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Int Type e=10"1 e =102 e=10"3 e=10"1 e=10"°
Ostrowski —0.031583 —0.001000 —3.1623E — 05 —1.0000E — 06 —3.1623E — 08
Trapezoidal N =32 —2.71442F — 05 —8.5859E — 09 —2.7151E —12 —8.5859E — 16 —9.0388E — 19
(0.031556) (1.0000E — 03) (3.1623E — 05) (1.0000E — 06) (3.1623FE — 08)
Simpson’s N =32 —27098E —05 —8.5713E —09 —2.7105E —12 —8.5713E —16 —9.0314E — 19
(0.031556) (1.0000E — 03)  (3.1623E — 05) (1.0000E — 06) (3.1623E — 08)
Mid Point N =32 —2.7076E —05 —8.5641E —09 —2.7082E —12 —8.5642E —16 —2.7082E — 19
(0.031556) (1.0000E — 03) (3.1623E — 05) (1.0000E — 06) (3.1623FE — 08)
Upper Bound 0.047414 0.001500 4.7434F — 05 1.5000E — 06 (4.7434F — 08)

TABLE 2. Numerical results comparing various quadrature (Newton-
Cotes) rules to the Ostrowski approximation for a = 0, various e, and

p=3.

Absolute Error

Error for L2

S
SRR
(SRARIKXKS

CSOSCES
950050t 05e%,
esete%s

s
S5

Absolute Error

Absolute Error

Error for L3

F1GURE 1. Graphical representation of the Absolute Error for p = 2,3

and 4 and various z and «.
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