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ANALYTIC PARAMETRIZATION OF THE ALGEBRAIC
POINTS OF GIVEN DEGREE ON THE CURVE
OF AFFINE EQUATION % = 157(2® — 2)(2% + 2) (2> + 1)

MOHAMADOU MOR DIOGOU DIALLO

ABSTRACT. We give an explicit parametrization of the set of algebraic points of given
degree on Q over the affine equation curve : y? = 157(2% — 2)(2? + z)(2? 4 1).

This note treat aspecial case of the curves described by Anna ARNTH-JENSEN and
Victor FLYNN in [1], where the generators of the Mordell-Weil group explained.

1. INTRODUCTION

Let C be a projective algebraic curve of definite over Q. For any field of numbers K,
C(K) is the set of points on C with coordinates in K and U C(K) the set points on C a

[K:QI<!
coordinates in K of degree at most [ on Q. The degree of a point R is the degree of its

defining field on Q, that is deg(R) = [Q(R) : Q]. We denote by J the Jacobian of C and
by j(P) the class [P — Px] of P — P, that is j is the Jacobian fold:

i ¢ — JQ),
P — [P-Py)

where J(Q) represents the Mordell-Weil group of rational points of the Jacobian of C (see
[7]); this group is finite (see [1, page 10], Lemma 2.).
Our curve C of affine equation y* = 157(2? — 2)(z? + z) (2% + 1) is a special case of the
curve family

C:y?=q(z? = 2)(z* + x)(2® + 1) with ¢ = 13[24]

is a prime, sttudy in [1, page 4], where the mordell-Weill group was explained.
In this note we define the set :

U ex) with 1>5
K:QI<!

2. MAIN RESULTS

Our main result is as follows:

Theorem 1. The set of algebraic points of degree at most I > 5 over Q on the curve C
of affine equation y* = 157(x* — 2)(2? + x)(2? + 1) is given by

Ue®) = | Mo [ Ms | Ma,

[K:Q] < !
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42
with:
z ‘ (bo N\ co) #0, bé;éOiflis even ,
Z b;x" + ax?
, — i:l[)_7 Cit # 0 if l is odd and x is a solution
=
2541
My = Zocjx ’ of the equation :
. = 2 L1 2
Zbixi +ax? | =157 chx% (22 = 2)(z* + 2)(2® 4+ 1)
i=0 j=0
5 5 = . bire #£0ifl is even, cios # 0
a (935 - /ﬁ) + ) bi(a' —p") : ’
T, — = =2 if l is odd and x is a solution
. 2j+1
My = Zcix : of the equation :
j=0
5 5 % i i ? % 2
2 —p2 — o
a <H> +Zbi (I P ) =157 Zcix%Z ' (2 = 2)(z* + 2)(2® + 1)
v i=2 §=0
with p = —1
142
R b 0 if | s even, ci—s # 0
T, — P =1 if I is odd and x is a solution
i of the equation :
My — = f the eq
. L ' 2 s 2
x2 +1n 2 T+t 2L 21|, 9 2
a . —i—Zbi . =157 Zcz-x T |(z® —2)(z* + x)(z* + 1)
i=1 =0
1 5 5 1 : :
withn =3 (V)F + (-+v8)?) ana s =3 (VD) + (-v®))
= b 0 if L i £0
if 1 is even, ci—s
(o) B | | z
T, — = =1 if l is odd and x is a solution
CT -
? th t :
My = = of the equation
e 2 s 2
(W +“> +> b, (I v ) =157 [ Y ei™ |(@® — 2)(a® +2)(a® + 1)
r i=1 r j=0
1 s s 1 , ,
with p = 3 ((z)g + (—1)2) and V' = 3 ((z)Z + (—z)z)

3. AUXILIARY RESULTS

The text of the following environments should be in italics. For a divisor ® on C, let
L(®) denote the Q-vector space of rational functions f of definite over Q such that f =0

or div(f) > =D ; (D) denotes the Q-dimension of L(D) (see [4])
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Lemma 1. We have : J(Q) X Z/2Z x Z/2Z
Proof. For the proof see [1, page §]. O

The projective form of the equation of the curve :
C: Z'%W? = 157(X? - 22*)(X? + X Z)(X? + Z?),
we note Py, Pi, Py, P35, Py, Ps and P, the points of C, defined by: Py = [0: 0 : 1],
Po=[-1:0:1,P=[v2:0:1], s =[-v2:0:1, P,=[1:0:1], Ps=[-2:0: 1] and
Py =[1:0:0] with .2 = —1.
Corollary 1. For the curve C : y? = 157(x? — 2)(2? + x)(2® + 1), we have :
(1): div(z) = 2Py — 2Px,
(’Uii)! dl’U(y):P0+P1+P2+P3+P4+P5—6Poo
Proof. We define by z, y the affine coordinates of the curve C in the following way :
_X _Y
r=7+%andy= 7.

(i) div(z) = div (;) (X =0)-C—(Z=0)-C.

e: For X =0, imply that: Y2 =0 or Z% = 0.
We thus obtain the points : Py = [0: 0 : 1] and Py, = [0 : 1 : 0] with an
order multiplicity of 2 and 4 respectively. Hence
(X =0)-C=2P)+ 4Py (1)
e: The same for Z = 0, this implies : X% = 0.
We therefore obtain the point Py, = [0 : 1 : 0] with an equal order of
multiplicity 6. Hence
Z =0)-C=6P. (2)

From relations (1) and (2), W)e. can infer that : div(xz) = 2Py — 2Px.
Y
(i7) div(y) = div (Z) =Y =0)-C-(Z=0)-C.

e: For Y = 0, equivalent to :
X(X +Z2) (X —V2Z) (X +V22)(X —1Z)(X +12) = 0.
Thus, we obtain the points : Py =[0:0:1], P, =[-1:0:1],
Po=[v2:0:1,P3=[-v2:0:1], P, =[1:0:1] and Ps = [—2: 0 : 1] with
a multiplicative order equal to 1 for each point. Hence
(Y=0)-C=Py+P+P,+P;+ P, + D (3)

e: For Z = 0,his is equivalent to obtaining the relation (0.2).
Thus the relations (2) and (4), we deduce that :
dl’U(y) =FP+Pi+Po+Ps+ P+ P —6P.

O
Corollary 2. The following results are the consequences of Lemma 2.
a): j(Po) + j(P1) +j(P2) + j(Ps)+ j(Ps)+ j(Ps) =0,
b): 2§(Py) =0
Lemma 2. We have :
j(@):<[PO+P1_2POO]a [P2+P3_2POO]>
Proof. see [1, page 10], Lemma 3.3. O

Lemma 3. A Q-base of L(dPx) is given by :

Bmz{x@ OSiS%} U {yxzjfjl? 0<j<m2—7} U {x’}
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Proof. 1t is easy to show that By is a free family, it then remains to show that
#B, = dim £(dPy). We know that the genus of C is g = 2 (see [1, page 174]).
Since the curve has genus 2, according to the Riemann-Roch theorem, we have
dim £L(mPy) =d—g+1=m — 1 since m > 2g — 1 = 3. Two cases are possible:

First case : suppose that m is even, then m = 2h, we obtain :
i<7;(:)i<2h hthesamej<m_7<:)j<% @jgh—%
:>]<h—f—h 3= j < h—4. It follows that :

m:{ %}U{l T, ... h}U{y:{:% 2h277}.
So we have : T 1
#Bm:1+h+1+h—§—§+1:2h—1:m—lzdimﬁ(mPoo).
Second case : suppose that m is odd, then m = 2h + 1, we get:
i<Zoi<H oi<h+l=i<h+1=i<hthesamej< T &
ng;ﬁ:h—?). Thus we have :

Bm:{xg}U{l, x, .. a:}U{ % h*%}.

It follows that :

1
#Bn, :1+h+1+hfgf§+1:2h:m71:dim£(mpoo).
(]
4. PROOF OF THE THEOREM
The proof of Theorem 1 being the theorem is given as follows:
Proof. Let R € C(Q) of degree [Q(R) : Q] =1 With l > 5. Consider Ry,...... , Ry the
Galois conjugates of R and let t = [Ry +...+ B — [Px] € J(Q) where
T(Q) = {aj(Py) + aj(Py) + Bj (P2) + Bi(Py), Wlth a, f€{0, 1}} from Lemma 2, so
t = aj(Py) + aj(Py) + B5(Ps) + Bj(Ps), with o, 8 € {0, 1}, which gives the following

formula :
[Rl-l- ...... +RZ—ZPOO}:[OZP0+OZP1+6P2+BP3—(20[+25)P00],

according to the Abel-Jacobi theorem ([4, page 156]), there exists a rational function of
definite on Q such that :

div(fy=R1+...+ Ri—aPy+aP; + P+ 8P; — (2a+ 28 +1) Px (%)

We study the following cases :

1st Case : a = =0.
The formula (%) becomes : div(f) = Ry + ...+ R — P, so f € L(IPx). By
. _
2 o
the Lemma 3, we have : f = ars + Zbimi + chyx% with ag, by and
i=0 j=0
¢o not simultaneously zero which we denote by by A co # 0 ( otherwise of the
R;’s should be at P,, which would be absurd), a L # 0 ( otherwise one of the
R;’s should be at P.,, which would be absurd ) and b% # 0 ( otherwise one

of the R;’s should be at P,,, which would be absurd ). At points R;, we have:
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|~

i 5
1 =1 E bz’ 4+ ax?

az? + Zb xt + chya: - 0, implicating thus, y = —i:l(%—. By
=0 7=0 2541
>
j=0

replacing the expression for y in y? = 157(z? — 2)(2? + x) (22 + 1), we obtain the
equation :

% 2 1777 2
Sbat taz? | =157 | YT | (@? - 2)(@® + 2)(2? + 1) (4)
i=0 j=0

The expression (4) is an equation of degree at mos [. Indeed, whether [ is even

l
or odd, the first member of the equation (4) is of degree 2 x <2) = [ and the

l-5
second member is of degree 2 X 2) +5=1L
This gives a degree point family I:

5 (bo ANco) #0, by #01if [ is even
Z bix' + ax? 2
r, =2 Cit # 0 if [ is odd and z is a solution
2j+1
My = Zocﬂ ’ of the equation :

. = 2 o 2

> i 5 > 2i+1 2 2 2
Zbixl +az? | =157 chx 2 | (z° = 2)(z" +2) (2" + 1)
; §=0

2nd Case: a=1and 5 =0.
The formula (%) becomes : div(f) =R1+...+ Ri+ Py + P — (I + 2) P, then
f € L((l+2)P), according to Lemma 3, we have :

1+4 -5
2 2
f= az? + Zbixi + Zciyxz%l and since ordp, f = ordp, f = 1, thus implied
=0 §=0
l+2
that b = 0 and b, = f( %) Zb )*|. The expression of by

l+2
can be put in the form b = a( %> —l—Zb i with p = —1, implying that

L+2 l75
5

f= a(x%fpi) Zb zt—p Jchzyx 2 with bz+2 # 0 if [ is even
7=0

(otherwise one of the Rz s should be at P.,, which would be absurd) and ¢ s #0

if I is odd (otherwise one of the R;’s should be at P, which would be absurd).
At point R;, we have:

l+z
(ac2—pg)+2b z' —p') —I—Zczny?l:O,
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implying so, y = — — A . By replacing the expression

)

2j+1
c;Tr 2

=0
for y in y? = 157(2% — 2)(2? + z)(2? + 1), we obtain the following equation :

2 I—5 2

2
2 .
a (xg - p%) + E bi (z' = p') | = 157 g e E (2 = 2)(a® + 2)(a® + 1)
=2

This equation can be noted as follows :

- 142 2

%

T T

- . 2 l775
a <H> +>_bi (x . ) =157 [ Y ea™™ | (2 - 2)(@* +2)(a + 1) (5)
i—2 7=0

The expression (5) is an equation of degree at mos [. Indeed, whether [, the first

1+2
member of equation (5) is of degree 2 <; - 1> = [ and the second member is

2x (5% -1

2
This gives a degree point family I:

of degree 2 +6=1.

+2
2 . . bz #0if lis even, ci—s # 0
() Bt | PO
T, — — =2 if I is odd and z is a solution
> 2i+1
Z G of the equation :
j=0
+2 2 =5 2
a3 *P% — xi*Pi o« 2 2 2 2
a| ———— +. b; . =157 ZcixT (* =2)(z° +z)(x* + 1)
1=2 7=0
with p = —1

3rd Case: a=0and g=1.

The formula (%) becomes : div(f) =Ry +...+ R+ P>+ P3 — (I + 2) Py, then
f € L((Il+2)Py), according to Lemma 3, we have:

44 =3
f= az? + 22: bix' + iciny;l and since ordp, f = ordp, f = 1, thus implied
i=0 jS:O 5 s | |
that by — —%a ((ﬁ) + (—\/§)> - %Z b ((\/5) + (—ﬁ)) this writing
i=1
H»T2
cam be put the form by = an + Zbigi; with n = —% ((\/5)g + (_\/5)‘2’) and
i=1

¢ =1 ((V2)' + (~v2)"), implying that



ANALYTIC PARAMETRIZATION OF THE ALGEBRAIC. .. 47
i+2 1=5
5 2 ; i 2 2j+1
f=a (:ﬁ + 17)—1— E b; (xZ + gz)—l— E ciyxr~ 2 with bz # 0iflis even (otherwise
2
i=1 i=0

=
one of the R;’s should be at P, which would be absurd) and Cis #0if [ is odd

(otherwise one of the R;’s should be at P.,, which would be absurd). At point
R;, we have :

142 =5
2 2 .
a (x% + n) +3 b (@t )+ D e T =0,
i=1 §=0
142
5 2 ’ ’
a (;1:5 +77) +Zbi (2" +<")
implying so, y = — — =1 . By replacing the expression for
2 2j+1
CifL‘T
§=0

y in y? = 157(2* — 2)(2® + z)(2? + 1), we obtain the following equation :

[ V)

2

-5
= ,

= 157 Z crr (22 = 2)(z* + 2)(2* 4+ 1)
3=0

142
2

a(scg —|—77) +sz‘ (a:i+<i)
i=1

This equation can be noted as follows :

5 HTQ i i ’ FTS j 2
) <m +n> 3 (w +<) =157 [ Y cie™® |@® —2)(@® +2)(a® +1)  (6)
T X
i=1 3=0

The expression (6) is an equation of degree at mos I. Indeed, whether [, the first

[+2
member of equation (6) is of degree 2 (; — 1) = [ and the second member is

2x (5% - 1

2
This gives a degree point family [:

of degree 2 +6=1.

1+2
R o b 0if [ is even, ci— 0
a(xg—i—n)—k bi (¢ +<") 57 57
x, — = =1 if [ is odd and z is a solution
2 2j+41
G of the equation :
Ms = =0 2 2
5 2 D 58
r2 +n '+ 2j—1 2 2 2
b; = 157 i -2 1
1 5 5 ) 1 i i
witin =3 (V)P + (VD)) and ¢ == (V) + (-v3))

4th Case: : a=1and g=1.
The formula (x) becomes : div(f) =R1+...+ Ri+Po+ P1 + P, + Ps — (1 +4) P,
from Corollary 1 we have hence : div(f) =R1+...+ R+ P1+ Ps — (I + 2) Pw,
then f € L((I + 2)Py), according to Lemma 3, we have:
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142 [
2 2 .
f=az:+ Zbixi + Zciyxz%l and since ordp, f = ordp, f = 1, thus implied
i=0 =0
! 2
that by = — 3 3 LIS, (o ) | this writi
at b = —3 (a ((z) + (=) )) + 3 ; i ((z) + (=) ) is writing cam
1+2
2
5 ; , . 1 5 5
be put the form by = a (x? +u) + Zbi (z" + ") with p = ~5 ((2)2 + (—z)"‘)
i=1

‘ 1 , ,
and v’ = —3 ((z)z + (—z)l), implying that
142 =5

= = .
f=a (m% + u) + Zbi (x’ + l/i) + Zciym% with bHTz # 0 if [ is even (oth-
i=1 j=0

erwise one of the R;’s should be at P,,, which would be absurd) and Cis #0
if I is odd (otherwise one of the R;’s should be at P, which would be absurd).

142 =5
2 2 )
At point R;, we have : a (a:g + ,u) + Zbi (" + ') + Z cyr -z =0, imply-
i=1 §j=0
1+2
5 2 . .
a(x% —|—,u) +Zbi (;vz—i—uz)
ing so, y = — — =1 . By replacing the expression for y in
2 2j+1
Cil‘T
§j=0

y? = 157(2% — 2)(2? 4+ z)(2® + 1), we obtain the following equation :

2 2

142 [
2 2 .
a (x% + u) + Z b (2 +v') | =157 ZCM‘% (2 = 2)(z? + 2)(2® 4+ 1)
i=1 j=0

This equation can be noted as follows :

Lo N2 s 2
al & s —l—i: L =157 i:cx 7 |22 - 2)(2® +2)(2* +1)  (7)
a: i= Z - j=0 Z

The expression (7) is an equation of degree at mos [. Indeed, whether [, the first

1+2
member of equation (7) is of degree 2 <; - 1> = [ and the second member is

2x (5% -1
of degree 2 — 5 +6=1.
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This gives a degree point family I:

142
R , . b 0if [ is even, ci— 0
a(xg+u>+2bi(x’+1/) g 7 e
T, — = = if [ is odd and z is a solution
- 2541
_ G 2 of the equation :
= iz
. 152 ' N 2 s 2
) 3 (1’;”) =157 | Y™ |02 - D)2 + ) + 1)
i=1 7=0
1 5 5 1 ; ;
with o = 5 ((1)3 + (—z)i) and v/ = 3 ((z)z + (—z)’)

O

Conclusion : The set of algebraic points of degree at most I > 5 on Q on the curve
C is given by:

(1]

2]
3]
(4]
[5]
[6]
[7]

(8]

Ue®)=rm | M2 | Ms | My

[K:Q] < !
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