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A NEW TYPE RANDOM ITERATION SCHEME FOR RANDOM
COMMON FIXED POINT OF THREE OPERATORS

MUHAMMED EMIN BATUHAN AND ISA YILDIRIM

ABSTRACT. In this paper, we introduce a random iteration scheme for three asymp-
totically nonexpansive random operators defined on a uniformly convex separable
Banach space and prove its convergence to a common fixed point of three random
operators.

1. INTRODUCTION

The study of random fixed points is a crucial subject in this paper. Spacek [13] first
proved the random fixed point theorems for random contraction mappings on separable
complete metric spaces in 1955. In his works on the subject that was first initiated by
Spacek, Hans [4, 5] furthered the study of random fixed points in his publications from
1957 and 1961. The random Ishikawa scheme was put forth in [3] to generate iterative
methods for finding fixed points of random operators defined on linear spaces. Recent
research has been devoted to the examination of fixed points of random operators, wherein
various scholars have explored the theoretical underpinnings and practical implications
of this topic (see [1, 3, 6, 7, 11]). After, Beg and Abbas in 2006, the work conducted by
Plubtieng et al. [8] concerned the weak and strong convergence theorems set up for a
modified Noor iterative scheme with errors that three-step asymptotically nonexpansive
mappings in the context of Banach spaces.

2. PRELIMINARIES

Suppose that © is a nonempty subset of a Banach space X. Denote by (U,X) a
measurable space with ¥ a sigma-algebra of subsets of U. For a given mapping f : 0 — X,
we say that measurable mapping if f~}(U) € ¥ for each open subset U of X. We also
say that a measurable mapping f : O — X is the random fixed point of the random
map E : Ux © — X if E({,p(f)) = p(¢), for each £ € U. Denote by RF(E) and
E™ (¢, up) the set of all random fixed points of a random map E and the m-th iterate
E(,E(l,E(,...,E(l,up)))) of E, respectively. Moreover, the letter I denotes the random
mapping I : U x © — O defined by I(¢,ug) = ug and E° = I.

Definition 1. Suppose that © is a nonempty subset of a separable Banach space X and
E : U x 0 — 0 is a random map. The map E is said to be
(a) a nonexpansive random operator if arbitrary ug,vg € ©, one has

I1E(¢,u0) = E(¢, vo)|| < [luo — voll (1)
for each { € U;
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(b) an asymptotically nonexpansive random operator if there exists a sequence of mea-
surable mappings ry 2 B — [0,00) with limy, 0 ttm (£) = 0, for each £ € U, such that for
arbitrary ug, vy € ©

[E™ (£, u0) — E™ (£, 00)[] < (1 + pm(€)) [luo — ol (2)

for each 0 € U;
(¢) a uniformly L-Lipschitzian random operator if arbitrary ug,vo € ©, one has

[E™ (¢, u0) — E™ (£, vo)|| < Llluo — vol| 3)

where m = 1,2, ..., and L is a positive constant;

(d) a semi-compact random operator if for a sequence of measurable mappings {&m}
from U to ©, with limy, 0 ||Em(€) — E (£,€m(€))]] = 0,

for every £ € U, one has a subsequence {&,,,} of {&m} and a measurable mapping
f:0 = O such that {&n, } converges to f as k — oo;

(e) completely continuous random operator if for every bounded sequence of measurable
mappings {Em}t from U to O, there exists a subsequence say {&m, } of {&m} such that the
sequence {E (£,&m, (£))} converges to some element of the range of E for every £ € U.

Definition 2. ([2]) Suppose that E : U x © — © is a random operator, where © is a
nonempty convex subset of a separable Banach space X. Suppose that fo : U — O is a
measurable mapping from U to ©. Moreover, suppose that sequences of functions {om},
{sm}, and {&n} are defined as follows:

om(w) = & E™ (W, &m(£)) + Brém (£), (4)
sm(W) = ap, E™ (W, 0m(£)) + Brn&m (£),
Emi1(W) = an E™ (W, 6n(£)) + Brn&m(£)

for each £ € B, m = 0,1,2,..., where {am},{cal,},{a},{Bm}, {0}, and {B],} are
sequences of real numbers in [0,1]. Obviously {om}, {sm}, and {&n} are sequences of
measurable functions from U to ©.

Beg and Abbas [2] obtained some fixed point results for weakly contractive and asymp-
totically nonexpansive random operators on arbitrary Banach spaces using the above
iterative process.

After, Plubtieng et al. [9] introduced random the following iterative processes with
errors for three asymptotically nonexpansive random operators and studied the necessary
conditions for the convergence of these processes. Their results extended and improved
the recent ones announced by Beg and Abbas [2].

Definition 3. Let Ei,FEs,E3 : U X © — © be three random operators, where © is a
nonempty convex subset of a separable Banach space X. Let &y : U — © be a measurable
mapping from U to O, let {fim}, {gm}, {hm} be bounded sequences of measurable functions
from U to ©. Define sequences of functions {om},{sm}, and {&n}, as given below:

om(l) = Ym B3 Em (€) + ’Y'ingm () + ’Y»:yllhm(é)a (5)
Sm(0) = BmE3" (€, 0m(£)) + /B:ngm(é) + 5§fmgm(€),
Em+1() = am BT (€, 6m(€)) + i, &m (0) + aip, fn (£),
for each £ € B, m = 0,1,2,..., where {an},{al,},{al} , {Bm} . B} {6}, {vm},
{7}, and {y/l.} are sequences of real numbers in [0, 1] with o, + o, + all, = Bm + B, +
Bl = ym + v, + 0 =1. Taking Ey = By = Es = FE, and o), = B/ =~/ =0 at the
above iteration, then (5) reduces to (4).
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Remark 1. If we take E : © — O is an operator, where © is a nonempty convex subset
of a normed space X, then the iteration (4) reduces to Mann iteration (6). Also, taking
FEy, Es, E5 : © — O are three operators, where © is a nonempty convex subset of a normed
space X, then the iteration (5) reduces to Mann iteration with errors as follows:
Om = aZLEmgm + B;gm, (6)
Sm = O{;nEQO + B;ngﬂu
Em+1 = amE™ 6 + Bm&m,
and
Om = ’YmE;,ngm + ’Y;ngm + ’Y;—:Ihma (7)
Sm = BmE3" om + ﬁ;ngm + ﬂg@gma
£m+1 = OlmEIngm + Ol;nfm + O/y:zfm-
Based on the above studies, we define the following iteration, which is more effective
and useful than the above iterations. And, we obtain some convergence results of this

iteration for three asymptotically nonexpansive random operators. Our iteration process
is as follows:

Definition 4. Let Ei,FEs,E3 : U X © — © be three random operators, where © is a
nonempty conver subset of a separable Banach space X. Let &y : U — © be a measurable
mapping from U to O, let {fin} s {gm}, {hm} be bounded sequences of measurable functions
from U to ©. Define sequences of functions {om},{sm}, and {&n}, as given below:

om(0) = Ym&m (6) + Y B3 (€m, £) + Vi him (0), (8)
Sm(€) = B E3" (L, 0m(€)) + Brogm (6),
Em+1(0) = am B (€, 6 (0)) + oy fn (£),
for each £ € B, m =0,1,2,..., where {am},{Bm},{vm},{c.}, {80}, {0}, and {~)

are sequences of real numbers in [0,1] with a,, + o, = Bm + By = Ym + Vo + 70 = 1.

Remark 2. If we take E : © — O is an operator, where © is a nonempty convex subset
of a normed space X, then the iteration (4) reduces to the following iteration:

om = Ymém + VB3 Em + YnJrm, 9)
Sm = BBy 0m + Brygm.
Emi1 = amB"Gy + O/mfma
In the sequel, we will need the following lemma.

Lemma 1. ([12]) Let {5}, {om} and {6} be sequences of nonnegative real numbers
such that
Emir < (14 6) ém + 0.
Ifzém < 0o and EQm < 00, then
(1) limy, 00 Em eists,
(1) limy, s 00 & = 0 whenever liminf,, o0 &m = 0.

Lemma 2. ([10]) Let X be a uniformly convex Banach space with &, 0m € X, real
numbers r > 0,a, 8 € (0,1), and let {am} be a real sequence of numbers which satisfies
(i) 0 < a<a,<pB<l, for allm > mgy and for some mg € N;
(i) Umsup ;oo [|Em]] < 7 and limsup,,, o, [[om]] < 7;
(#44) limyy o0 [|m&m + (1 — am) om|| = 7.
Then limy, 00 [|Em — 0m|| = 0.
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3. MAIN RESULTS
In this section, we will give the following two lemmas to prove our main results.

Lemma 3. Let X be a uniformly convexr separable Banach space, let © be a nonempty
closed and convex subset of X. Let E1, Fo, E3 be asymptotically nonexpansive random op-
erators from U x © to © with a sequence of measurable mappings p;,, (¢) : U — [0,00) sat-
isfying Y ooy iy, (£) < 00, for each £ € U and for alli =1,2,3, and F = ﬂ:;:l RF (E;) #
@. Let {&n(0)} be the sequence as defined by (8) with Y~ af, < 00, > _ B, < 00,
and Y00 v, < 00. Then limy, o0 [|€n (0) — p(€)|| ezists for all p(€) € F and for each
e 0.

Proof. Assume that p: U — O is the random common fixed point of the random opera-
tors Eyp, Fy and Es. Since {fim},{9m}, and {h,,} are bounded sequences of measurable
functions from U to O, there exists a finite number M (¢) as follows:

M(&) = sup {|lfm(6) = 2Ol 19(6) = PON 1 (€) = PO} (10)

For all m > 1, we write pm, (€) = max{u;, (¢) | i = 1,2,3}. Then, we obtain u,,(¢) >
0, limy,—0 4, (¢) = 0, and

[1€m+1(6) = PO = llam BT (£, 6m(€)) + o, fin (£) — p(O)| (11)
< am [|[ET" (,6n (0) = p(Oll + oy | fm (€) = p(O)]
< am (14 pm (0) llsm (€) — p(€) + L]
+ a1 fm (0) = p(O)]
< am (1 + pm (O M (L)) [lom (€) — p(O)]]
+ il + o, [[fm(€) = p(O)]] -
Similarly, we obtain
[em () = POl < B (1 + pm (O)M(E)) llom (£) — p(£) ]| (12)
+Bmlm + B llgm (€) = POl
and
lom () =p(Ol < Ym (14 3m (6) + pm (O)M(€)) [|€m (€) — p(O)| (13)
Fmlm + Y 11 (€) — p(O)]] -
If we combine (13) in (12), we have

[[sm (£) = p(O)] (14)

<YmBm (L4 pim (O)M(0)) (1 4 Yim + pan (€)M (£)) [[Em (£) — p(O)]]
+ B (14 i ()M (€)) Yyl + B (1 + i ()M (€)) vy [ (€) — p(E) ]
+ Brnlin + By lgm (€) = p(O)]]

=Ym (1 — e — Ym) (1 + pn ()M () (L + vim + s (€)M (£)) [|Em (€) — p(£) |
+ Bl [L+ 75 (14 pi (€)M (€))] + 110 (€)
S+ pm (M) (1 + ym + pm (O M (£)) [|€m (€) — p(O) ]
+ Bindm[1 4 Yo (1 + i (OM ()] + M (€)

where
M (£) = B (14 i (M () Vo [1h (€) = PO + By [lgm (£) = (Ol (15)
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From the conditions in the hypothesis of the theorem, we get that >~ m,,(¢) < oo.
Substituting (14) in (11), we obtain
1m+1(6) = PO S (1 (OM(0)* (1 + Y + i (OM () [€m () = p(O)]] (16
+ (1 + i ()M () Bl [+ ¥y (1 4 () M (£))]
+ i (14 pn ()M () M (£) + il + iy [ S (€) = p(O)]
<L+ pm (0) (L4 ym + pm (O M(0) [[€m (€) — p(O)]
+ b (€) + amlim,

where

Fam (14 pn (€)M (€)) 10 (£) + 0ty || fin (£) = p(O)]] -
This implies that Y, f1,,(¢) < 0o and Y, by, (€) < co. From Lemma 1, we obtain
that limy,—e0 [|Em+1(€) — p(€)]] exists for all £ € U. This completes the proof. O

Lemma 4. Let X be a uniformly convex separable Banach space, and let © be a nonempty
closed and convex subset of X. Let Fr, Es, E3 be asymptotically nonerpansive random
operators from U to © with sequence of measurable mappings i, (€) : G — [0, 00) satisfying
S m(€) < oo, for each £ € U and for all i = 1,2,3, and F = ﬂ?zl RF (E;) # @.
Let {&m(€)} be the sequence defined as in (8) with the following restrictions:

(1) 0 < a < am, By Ym < 1 —a, for some a € (0,1), for all m > mg,Img €N,

(2}{ Yo ol <o,y B, < oo, and Yo e < o0.
Then

Jim (LB (46 (0) = En(Of) = Tim [|E5" (¢, 0m(€)) = &Em(O)]] (18)
= lim [[E5" (€,6m(0) = En(O)] = 0,
forall £ € U.

Proof. Let p(¢) € F. From Lemma 3, we know that lim,,_,co [|Ems1(€) — p(€)|| exists, for
all £ € U. Let’s say limy, o0 [|Em(€) — p(¢)|| = r for some r > 0. For each m > 1, let
tm (£) = max {p;, (£) | i=1,2,3}. If we take lim sup of both sides of the inequality (14),
we obtain that

lim sup [[5m (€) — p(€)| < limsup [€m(€) — p(O)]] = (19)

m—r oo m—roo

From the definition of the operator F; and (19), we have
limsup || ET" (€, (£)) — p(€)|| < limsup (14 g (£)) lsm (£) = p(O[| < 7. (20)
m—r oo

m— o0

Now, consider the following inequality
i sup | B} (€6 (6)) = p(E) + ty (Fn(6) = 6 0)] ey
< tinsup | 7" (6,50 (0) = 2O + (i (0) = En O]
It follows from (20) and (21) that
limsup [|E5" (£, 6 (£)) = p(€) + o, (Fn(€) = Em(O))] <7 (22)
Using the triangle inequality, we obtain

limsup 5(6) = p(6) + a (fn(0) = Em ()] < 7 (23)
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From (8) and the definition of the operator E;, we also obtain that
r=lim |[&n41(6) = p(O)] (24)
= lim [l B (50 (6)) + s fn(0) — p(O)]

am BT (¢ <m(g)) + o fm (€) = (1 = am) p(€) — cump(€) H
+ama fm - O‘ma;ngmw) - O‘ma;nfm(é) + O‘ma;nfm(g)

— tim [l (B (£ cmw)) () + &y (fn6) = m(0))
+ (1= am) (En () = p(0) + i, (fmn(€) = & (D)) I
Using (22), (23) and Lemma 3, we have that
Jim [[ET (£ 6m (0)) = Em (O] = 0. (25)

= lim H
m— 00

Now, we will prove that lim,, o0 [|EF (¢, 0m(£)) — &Em(£)]] = 0. For all m > 1,
16m (€) = p(OIl < BT (£, 5m (6)) = Em (O] + [1ET" (€, 6m (€)) = p(O)] (26)
SET (s sm () = Em (Ol + (L + s (0) [lsm (€) = Em (O] -

Since limy,—s 00 fim (£) = iy o0 | BT (€, 5m(£)) — Em(£)]] = 0, it follows from (19) and
(26) that

o= T (€ (0) — p(O)]] < Tminf o (€) ~ &n ()] (27)
< limsuplon(0) ~ &n(0)] <7

Thus, 1imy,-ec [|$m (€) = p(0)| = 7.
Taking (8), we get that

llom(6) =p(Ol < (L + k(D) [|Em (£) = p(O)]]
+Ym 11(€) = p(O)]] -
(¢

Using boundedness of {h.,,(¢)} and lim,,—co pim (£) = 0 = limy, 00 V1, We have

lim sup [ (£) = p(£)|| < limsup [|§n(£) — p(O)]| <7
m—r oo

m— 00

and

limsup || E5" (£, om(€)) — p(0) ||

m—r o0

< limsup (14 pm (6) [|(€, 0m (6)) = (O] < 7.

m—r 00

Next, we consider

1E5" (€, 0m (0)) = p(€) + By, (9(€) — Em (D)l (28)
< B (4, 0m(0) = PO + B 1 (gm (£) = Em (D)1 -
Taking lim sup in both sides at the above inequality, we get that

limsup || E3" (€, 0m (€)) — p(£) + B (gm (€) = Em (D) < 7
m—0o0
From again the triangle inequality, we have

lim sup [|m (£) — p(€) + B (gm (€) = Em ()] < 7.
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Since limy,—s o0 [lsm (€) — p(€)|| = r, we obtain
r=lim £, (6) =p(O)] = lim_ |5 E5" (f,gm(f))+ﬁmgm —p(0)] (29)
i | S 5 0n(0) O om0~ (00 |
m—o0 1—5m)( m(0) = p(0) + By (gm

By Lemma 1, we get that
lim |[E3" (£, 0m(€)) — &m(€)]| = 0.
m— o0
By using similarly argument as above, we have
Tim |25 (66 (0)) — &m(D)]] = 0
for all £ € U. This completes the proof. (I

Theorem 1. Let © be a nonempty closed and convex subset of a uniformly conver sep-
arable Banach space X. Assume that one of Eq, Es, E3 : G x © — © is either completely
continuous or semi-compact asymptotically nonexpansive random operators with a se-
quence of measurable mappings i, () : U — [0,00) satisfying > -_; pi,, (£) < oo, for all
£ €U and for alli =1,2,3 and F' = ﬂ?zl RF (E;) # &. Moreover, assume that fo is
a measurable mapping from U to ©. Define the sequence of functions {&,},{sm}, and

{om} by (8) with {am}, {ai,} s {Bm} A8} {ym} s {m} s and {47} satisfying

(1) 0 < o < am,al, <1—a, for some a € (0,1), for all m > mg,Img € N,

(2) Yopnmt O < 00, 3501 By < 00, and 3370y, < oo
Then sequences {&m}, {sm}, and {om} converge to a common random fized point of F'.

Proof. Let p: U — O be the common random fixed point in F. From Lemma 4, we have
i (B} (6.6(0) ~ 6O = lm B (Loon(0) ~ &a(®  (30)

= lim B (4.6u(0) — €u(0)] = 0
for all £ € U. This implies that ||&ni1(€) —En(O| < am [|ET (4, 6m(£)) — En(O)| +

an, 1 fm(€) —En(O)|] — 0, as m — oo, for all £ € U. Using the triangle inequality, we
get that

[ET" (£, Em+1(0)) = Emer (O S NET* (€, &m+1(0)) — ET* (€, Em (0)) | (31)
FIETEm (E) = Em (O + [1€m (€) = Ema (O]
< (L4 pm (O) [|Em+1(€) = Em (Ol + [ ET" (€, &m(£)) — Em (O)]|
+ [1€m (€) = Emia (O)] — 0, asm — oo,
for all £ € U. Using (31), we have

1E1 (4, €mt1(€)) — Emt1(O)]] (32)
< By (6 empa (0) = EFFH (G En(O)]| + | BT (6 €myr (0) = Empa (0)]]
< (1A o (0) 1ms1(€) = BT Empr (O) ]

+ || BPT (€ g1 (0) = Emra (O] — 0, as m — o0,

for each ¢ € U. Then, we have lim,, o [|[E1 (€,&m(€)) — En(€)|] = 0 for all £ € U.
Similarly, we can show that

T [|B (6 6m(0) ~ &m0l = Tim By (€60 (6)) — £n(0)] = 0. (33)

Suppose that E; is a semicompact continuous random operator and
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limy, oo | E1 (4, Em (€) — Em(€)|| = 0 for all ¢ € U, then there exist a subsequence
{&m,} of {&m} and a measurable mapping &y : U — O such that &,,, converges to &. The
mapping & : U — O, being a limit of measurable mappings {&,, }, is measurable. Now,

i (|€,, (6) = B (6 &, ()] = [[€0(6) = E1 (¢, &0(0)]] = 0 (34)

for all £ € U. Thus, &(¢) is a random fixed point of Fj. Since the limit lim,, o
[|€m (€) — & (0)|| exists, we write limy, oo £m(€) = &o(¢) for all £ € U. That is, using
similarly method, we can show that £y(¢) is also a random fixed point of E and E3. Note
that

lsm (€) = Em (O] < Bl E5” (€, 0m () = Em () 148yl gm (€) = Em (O)]] = 0, (35)

and

lom(€) = &m (O]l < i 1E5" (£, 6m (0)) = Em (Ol + v [ (£) = Em(O)] = 0, (36)

as m — oo, for all £ € U. Then, lim,_y00 $m (£) = &o(¢) and lim,, o0 0m (€) = &o(¢) for
all £ € U. Thus {&n}, {sm}, and {0} converge to a common random fixed point in F'.

Now, we suppose that one of F1, Fy, F3 : U x © — © is completely continuous random
operator, say E1, then there exists a subsequence {E; (¢,&m, (£))} of {E1 (¢,&,(£))} such
that Ey (¢,&m, (£)) — &o(£) as k — oo which & : U — © is a measurable mapping for
all £ € U. From Lemma 4, we know that limg_ oo [|Em, (£) — E1 (€, &m, (£))]] = 0. Using
the continuity of Ey, we get that limg oo &m, (£) = &(¢) for all £ € U. This implies
that E1 (¢,&0(€)) = &(¢) for all £ € U. Thus, & (¢) is a random fixed point of E;. From
Lemma 3, we know that lim,, o ||€m (€) — &o(€)]| exists and limy o0 [|Em,, () — &0 (€)|| =0
for all £ € U. Therefore, limy, 0o [|Em(£) — &o(£)]] = 0, that is limy, 00 Em(£) = &o(€) for
all ¢ € U. Using the same inequalities 35 and 36, we have lim,, o 6n(€) = & (¢) and
limy,, 00 0m (£) = &o(¢) for all £ € U. This completes the proof. O

If By = Ey = E3 := E and o, = 8/, = v/, = 0 at 8, then we have the following
iteration process:

Qm(g) = ngm(g) + ’ywlnEgl(gma f), (37)
§m(£) = BmEgn (Zv Qm(e)) s
Em+1(0) = am BT (4, 6 (£)).

Then, we obtain the following result from Theorem 1.

Corollary 1. Let © be a nonempty closed bounded and convexr subset of a uniformly
convex separable Banach space X. Let E : U x © — © be either completely continuous
or semi-compact asymptotically nonexpansive random operators with a sequence of mea-
surable mappings p;,, () : U — [0,00) satisfying > o pts,, (£) < oo, for all £ € U and
RF (E) # &. Moreover, assume that fo is a measurable mapping from U to ©. Define the
sequence of functions {&m}, {sm}, and {om} by (8) with {am},{Bm},{ym}, and {~,,}
satisfying 0 < a < a < 1 — @, for some a € (0,1), for all m > mgy,Img € N. Then
sequences {&m}, {sm}, and {om} converge to a random fized point of F.

4. CONCLUSIONS

In the presented paper, we introduce a new type iterative algorithm faster than the
other iterative algorithms in literature and use it for asymptotically nonexpansive random
operators. Moreover, we prove some strong convergence theorems for such mappings
under the appropriate conditions in uniformly convex Banach spaces.
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