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ON A REDUCTION METHOD USING MAX-PLUS ALGEBRA FOR A
INITIAL VALUE PROBLEM IN CLASSIC ALGEBRA AND THE
SOLUTION OF THE PROBLEM

ZELIHA AYDOGMUS AND AHMET IPEK

ABSTRACT. In this paper, we first will develop a reduction method in max-plus algebra
for the initial value problem given by

z(t+n) =max{an-1(t) +z(t+n—1), - ,a1(t) + z(t + 1),
{ ao(t) + (1), f(1)}

z(to) =cr,z(to+1)=c2, -,z (to+n—1) =cn.

and then we obtain the solutions to the this equation.

1. INTRODUCTION

Max-plus algebra R4 = RU{—00} is an analogue of linear algebra and has many
analogies for linear algebra (see [1], [3] and [7]). Max-plus algebra R, = RU {—oc0} is
equipped with the operations: addition a ®b = max(a, b) and multiplication a®b = a+0.
In max-plus algebra, e = —o0 is a neutral element for @ and e = 0 is a neutral element for
®. The fact that (Ry,q., ®, ®, €, ¢) algebraic structure is known as idempotent semiring.

If A= (a;j),B = (b;;) are matrices with elements from R,,,, of compatible sizes, then
the max-plus addition, product and scalar multiples of matrices are defined by

(A& B)ij = ai; @ b,

57
(A X B)zy = ; i @ bkj = IIII?X (aik —+ bkj)

and
()\ (4 A)ij =A® Qij
for A € R4, respectively.

Max-plus algebra is widely used in system theory and optimal control [8], scheduling
of energy flows [6], speech recognition [5] and control of an electroplating [9]. For a large
survey on max-plus algebra theory, we refer to books [1], [2] and [4].

In this paper, we first consider the initial value problem given by

z(t+mn)=max{a,—1(t) +z(t+n—1), - ,a1(t) + z(t + 1),
ag(t) + (t), f(t)} (1)

xz(tg) =cr,z(to+1)=coy---,x(to+n—1)=c,.

in classic algebra. Eq. (1) is an nth order difference equation for z(t), where ag(t), a1(t), ..., an(t)
and f(t) are assumed known. Then, before seeking solutions to the difference equations

in (1) in Section 3, we will first develop techniques for reducing these equations to fun-
damental form in Section 2.
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2. METHOD OF REDUCTION

A method of reduction, particularly useful for difference equations defined by system
(1), is the following:
Step 1. Rewrite (1) in max-plus algebra:

zt+n)=a, 1) @x{t+n—-1)d - Pa(t) @zt +1)
®ao(t) @ x(t) & f(t) (2)
x(tg) =cr,xz(to+1)=co,---,x(to+n—1)=c,.

Step 2. Define n new variables, z1(t), z2(t), ..., z,(t) by the equations:
a1 (t) = z(t)
.Tg(t) = 33‘1('5 + 1)
x3(t) = z2(t + 1)

: (3)
l’n_l(t) = l?n_g(t + 1)
Tp(t) =xp_1(t+ 1)
Step 3. It is immediate from system (3) that we also have the following relationships
between x1,xs,. .., 2, and the unknown ()
1 (t) = x(t)
zo(t) = x(t+ 1)
z3(t) =x(t+2)
(4)
Tp_1(t) =2t +n—2)
Tp(t) =2t +n—1)
and
Tp(t+1) =2z(t+n). (5)
Step 4. Rewrite z(t +n) in (2) in terms of the new variables z1,x2, ..., z,. Substituting
(4) and (5) into the equation (2), we obtain
Tn(t+1) =an-1(t) @ zn(t) & - a1 (t) @ 2(t) (6)

@ ao(t) @ z1(t) & f(1).

Step 5. Form a system for 1,2, ...,2,. Using (4), (5) and (6), we obtain the system:
z1(t+ 1) = zo(t)
za(t+ 1) = z3(t)
z3(t + 1) = 22(t)

Tpa(t+1) =zp_1(t)
Tp_1(t+ 1) =z, (t)
Tp(t+1) =ao(t) @ z1(t) ® a1(t) ® za(t)
DD an—1(t) @ xn(t) ® f(2).
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Step 6. Put (7) into matrix form. Define

zi(t) z1(t+1) €
x2(t) za(t+1) €
X(t) = : X(t+1) = . F) = .
l’n_l(t) I’n_l(t + 1) 3
zn(t) | L za(t+1) L f(8) ]
and
[ € 0 € € e
€ € 0 € €
€ € € €
A(t) =
€ € € e € 0
L ao(t) al(t) GQ(t) s an,z(t) an,l(t) i
Then (7) can be written as:
Xt+1)=A{t)X(t)® F(t). (8)
Step 7. Rewrite the initial conditions in matrix form:
[ X1 (to) 1 i X (to) 1 i C1 1
T2 (to) X (to —+ ].) C2
I3 (to) x (to + 2) C3
Tp—1 (to) X (to +n — 2) Ch—1
| xn (to) | z(to+n—1) | | |
Thus, if we define
e ]
C2
C3
C =
Cn—1
- Cn -

the initial conditions can be put into matrix form

X (to) = C. 9)
Consequently, Eqgs. (8) and (9) together represent the fundamental form for (1):
Xt+1)=At) X(t)a F(¢) (10)
X (to) = C.

3. SOLUTIONS OF MATRIX DIFFERENCE EQUATIONS IN MAX-PLUS ALGEBRA

In this section, firstly, if one has a homogeneous initial value problem (F(¢) = 0) when
one reduces the initial value problem given by 1 to fundamental form, then we seek the
solution to the initial value problem in the fundamental form

X(t+1) = A(t) @ X(0), ¢ > to (11)
X (to) =C,
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where it is assumed that A(t) # 0 and A(¢) are real-valued matrix function defined for
t>1t>0.
One may obtain the solution of 11 by a simple iteration:

X (to+1) = A(ty) @ X (to) = A(to) @ C
X(to+2)=Ato+1)@X (to+1) =A(to+1)® A(to) ® C
X(to+3)=Ato+2)@X (to+2)=A(to+2)@A(to+1)®@ A(ty) ® C.

Therefore, inductively, we obtain the solution of 11 that

X(t) = X (to + t — to)
=At-1D)RAt—-2)® - @ A(ty) ® Xo
=At-1)RAt-2)®--- @ A(t) ®C

® AG)

i=to

In this section, finally, if one has a nonhomogeneous initial value problem (F(t) # 0) when
one reduces the initial value problem given by 1 to fundamental form, then we seek the
solution to the initial value problem in the fundamental form

X(t+1)=AM) @ X(t) & F(t),t > to (12)

where it is assumed that A(t) and F(¢) are real-valued matrix functions defined for ¢ >
to Z 0 and A(t) # 0.

The solution of the nonhomogeneous 12 may be found as follows. One may obtain the
solution of 12 by a simple iteration:

X (to+1) = A(to) ® Xo @ F (to)
to) @ C ® F (to)

Al
Al
X(to+2)=Ato+1)@X (to+1)® F (to+1)
Al
Al

to+1)®[A(to) ®C @ F (to)] & F (to + 1)
to+1) @A) ©C B A(to+1) @ F (tg) & F (tg+1).

We now use mathematical induction to show that, for all t € ZT,

(13)

®C@6—9 [@ A(i)

r=tg Li=r+1

® A4)

i=tg

To establish this assume that formula 13 holds for t = k. Notice that we have adopted

k
the notation ® A(f)=1and & A(i) =0. Then from 12,
i=k+1 i=k+1

Xt+1)=Al) @ X(t) ® F(t),
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which by formula 13 yields

Hence formula 13 holds for all t € Z+.
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