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NONHOLONOMIC NONLINEAR SYSTEMS: A GENERAL ENERGY

EQUATION

FEDERICO TALAMUCCI

Abstract. Nonholonomic systems with nonlinear restrictions with respect to the
velocities are considered. The mathematical problem is formulated by means of the
Voronec equations extended to the nonlinear case. The double formulation both by
means of the vector of accelerations and the Lagrangian function turns out to be
convenient depending on the aspects and the properties to be pointed out. The main
point of the paper is the balance of the mechanical energy induced by the equations
of motion; the conservation of the energy on the basis of the tipology of the constraint
equations is discussed. The special form of the energy equation allows to identify the
categories of nonlinear constraints which entail the conservation of energy.

1. Introduction

Nonholonomic systems are frequently encountered in mechanical and engineering prob-
lems and attention to mathematical models concerning kinematic constraints is increas-
ingly paid. The trait �nonholonomic� refers, in a general way, to restrictions imposed
on a system which are not expressible solely in terms of one or more equations involv-
ing only the spatial coordinates which delineate the position of the system. In the wide
range of restrictions with nonholonomic features, we focus the interest on the kinematic
constraints, that is restrictions which can be formulated by equations containing the co-
ordinates and components of the velocities. As a matter of fact, this kind of constraints
show a more suitable relevance and evidence concerning applications and feasibility. A
remarkable di�erence exists between the case of linear kinematic constraints and the case
of nonlinear ones: even in literature, the starting point of the theory of linear constraints
is distant in time ([4], [7]) and in parallel to the development of the lagrangian formalism,
whereas the advancements in nonlinear constrained systems are somewhat recent. The
not uniform progress is motivated both by modellistic reasons (actually, the linear case
can be convincingly considered as a natural extent of the holonomic case, as we will see
just below) and by practical reasons of realization of physical models exhibiting nonlinear
constraints (such a question, arised in [1] and studied in [14], is still debated, see [2]).
In this paper we deal with systems submitted to nonlinear nonholonomic constraints. The
�rst part (Section 2) consists in formulating the equations of motions by extending to the
nonautonomous case the results proposed in ([11]); we base on an elementary principle,
formulated along the lines of the linear nonholonomic case. The main requirements of
this formulations are the explicit form of the constraint equations and the use of some
of the generalized velocities as independent parameters. In this way, the formal path is
simple and proceeds with extending the classical theory of mechanics. We will also point
out the correspondence of the obtained equations of motion with models on the same
topics present in literature, where the equations derive from more re�ned and formally
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complex methods. In literature, nonholonomic mechanics appear to be studied mainly via
geometric methods, as Lagrangian systems on �bered manifolds (see, among others, [8]):
the method proposed in the present paper is a handly approach developing in analogy to
the basic concepts of a holonomic system.
The second part (Section 3) is devoted to the main result, regarding the expression for
the rate of change of the mechanical energy of the system. The selected typology of the
equations of motion turns ut to be appropriate both from the mathematical point of view
and for the physical intepretation, since the variables involved are the real velocities. The
energy balance is achieved via a somehow usual handling of the equations of motion:
in spite of the spontaneity of the method, the resulting formula shows distintly each
contribute in terms of energies and it is suitable in order to investigate which categories
of constraints entail the conservation of generalized energy (Jacobi's �rst integral). In
Section 4 we identify some cases of nonholonomic systems where the energy balance
equation actually infers the conservation of the mechanical energy.

2. Mathematical model and notations

The starting point is a holonomic system X(q1, . . . , qn, t), where X locates the position of
N material points Pi, with mass Mi, i = 1, . . . , N . In addition to the 3N − n holonomic
conditions, the system undergoes k < n kinematic constraints possily depending explicitly
on time t (rheonomic constraints)

Φν(q1, . . . , qn, q̇1, . . . , q̇n, t) = 0, ν = 1, . . . , k (1)

which can be linear or nonlinear and are assumed to be independent, in the sense that
the rank of the Jacobian matrix J(q̇1,...,q̇n)(Φ1, . . . ,Φk) is the greatest value k. Under that
assumption, if for istance det J(q̇m+1,...,q̇n)(Φ1, . . . ,Φk) 6= 0, m = n− k, conditions (1) can
be made explicit:

q̇m+ν = αν(q1, . . . , qn, q̇1, . . . , q̇m, t), ν = 1, . . . , k. (2)

with m = n− k. The case when all of (1) are linear is denoted by the functions αν,j such
that

αν =

m∑
j=1

aν,j(q1, . . . , qn, t)q̇j , ν = 1, . . . , k. (3)

2.1. Equations of motion. Let X(M) ∈ R3N list the n triplets MiPi, i = 1, . . . , N ,
so that Q = Ẋ(M) is the 3N�vector of linear momenta; furthermore, let us denote by
F = (F1, . . . ,FN ), R = (R1, . . . ,RN ) the list in R3N of the active forces Fi and of the
constraint forces Ri concerning each Pi, i = 1, . . . , N . We initially present the equations
of motion in the newtonian form. The key statement is(

Q̇ − F −R
)
· ̂̇X = 0, ̂̇X =

m∑
r=1

q̇r

(
∂X

∂qr
+

k∑
ν=1

∂αν
∂q̇r

∂X

∂qm+ν

)
(4)

where ̂̇X are all the possible displacements (see [2], [11]) consistent with the kinematic
restrictions (2), for arbitrary (q̇1, . . . , q̇m) ∈ Rm.
At this point, the assumption of ideal constraints demands R · ˆ̇X = 0 for all possible ̂̇X,
so that (4) is equivalent to the equations(

Q̇ − F
)
·Xr = 0, r = 1, . . . ,m, Xr =

∂X

∂qr
+

k∑
ν=1

∂αν
∂q̇r

∂X

∂qm+ν
(5)
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which correspond explicitly to the m di�erential equations, to be joined with (2),

m∑
r=1

(
Cri

..
qr +

m∑
s=1

Dr,s
i q̇r q̇s + Eri q̇r

)
+Gi = F (qi) +

k∑
ν=1

∂αν
∂q̇i
F (qm+ν), i = 1, . . . ,m (6)

where F (qj) = F · ∂X∂qj for each j = 1, . . . , n is the generalized force, Cri , D
r,s
i , Eri and Gi,

i, r, s = 1, . . . ,m, depend on q1, . . . , qn, q̇1, . . . , q̇m, t and are de�ned by

Cri = gi,r +
k∑

ν,µ=1
(gi,m+ν

∂αν
∂q̇r

+ gm+ν,r
∂αν
∂q̇i

+ gm+ν,m+µ
∂αµ
∂q̇i

∂αν
∂q̇r

), Dr,si = ξr,s,i +
k∑
ν=1

ξr,s,m+ν
∂αν
∂q̇i

,

Eri =
k∑

ν,µ=1
(2ξr,m+ν,m+µαν + gm+ν,m+µ

∂αν
∂qr

+ 2ηr,m+µ)
∂αµ
∂q̇i

+
k∑
ν=1

(2ξr,m+ν,iαν + gm+ν,i
∂αν
∂qr

) + 2ηr,i,

Gi =
k∑

ν,µ,p=1
(ξm+ν,m+µ,m+pαναµ + gm+ν,m+pαµ

∂αν
∂qm+µ

+ 2ηm+ν,m+pαν + gm+ν,m+p
∂αν
∂t

+ ζm+p)
∂αp
∂q̇i

+
k∑

ν,µ=1
(ξm+ν,m+µ,iαναµ + gm+ν,iαµ

∂αν
∂qm+µ

) +
k∑
ν=1

(2ηm+ν,iαν + gm+ν,i
∂αν
∂t

) + ζi.

by setting, for any i, j, k = 1, . . . , n:

gi,j(q1, . . . , qn, t) = ∂X(M)

∂qi
· ∂X∂qj , ξi,j,k(q1, . . . , qn, t) = ∂2X(M)

∂qi∂qj
· ∂X∂qk ,

ηi,j(q1, . . . , qn, t) = ∂2X(M)

∂qi∂t
· ∂X∂qj , ζi(q1, . . . , qn, t) = ∂2X(M)

∂t2 · ∂X∂qj .
(7)

The explicit form (5) is convenient in order to easily disclose the terms with the second

derivatives
..
qr, r = 1, . . . ,m, which appear only in the linear terms with coe�cients Cri .

In case of scleronomic holonomous constraints X(q), in (7) it is ηi,j = 0, ζi = 0 for any
i, j = 1, . . . , n.

Proposition 1. The m×m matrix C with entries Cri , r = 1, . . . ,m, is positive de�nite.

Proof: Indeed the terms originate from Cri = (∂X
(M)

∂qr
+

k∑
ν=1

∂αν
∂q̇r

∂X(M)

∂qm+ν
)·(∂X∂qi+

k∑
j=1

∂αj
∂q̇i

∂X
∂qm+j

).

SettingX
(
√
M)

r = ∂X(
√
M)

∂qr
+

k∑
ν=1

∂αν
∂q̇r

∂X(
√
M)

∂qm+ν
, whereX(

√
M) stands for (

√
m1P1, . . . ,

√
mnPn),

one has Ciν = X
(
√
M)

ν ·X(
√
M)

i , so that the matrix C is positive de�nite, since the vectors

X
(
√
M)

j , j = 1, . . . ,m are linearly independent, as it can be easily veri�ed. �
Hence, the system of equations (6) is well posed, whatever the functions α1, . . . , αν are;
the already explicit version (2) does not require any further condition.

Remark 1. In support of the form (5) of the equations of motion (in comparison with
the more common Lagrangian form, recalled below) is that they are promptly attainable,
whenever the coe�cients (7) are simple; this is the case, for istance, of cartesian coordi-
nates: if no holonomic constraint is present and q1, . . . , qn are the cartesian coordinates
X of the N points, n = 3N , formulae are considerably simpli�ed: actually, the only non
zero coe�cients in (7) are gi,i which write (in triplets) the masses M1, . . . , MN and

Cii = gi,i +
k∑
ν=1

gm+ν,m+ν

(
∂αν
∂q̇i

)2
, Cri = Cir =

k∑
ν=1

gm+ν,m+ν
∂αν
∂q̇i

∂αν
∂q̇r

, for i 6= r

Dr,s
i = 0, Eri =

k∑
ν
gm+ν,m+ν

∂αν
∂qr

∂αµ
∂q̇i

, Gi =
k∑
ν=1

gm+ν,m+ν

k∑
µ=1

αµ
∂αν
∂qm+µ

.
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A more ordinary way to present the equations of motion starts from the kinetic energy
T (q1, . . . , qn, q̇1, . . . , q̇n, t) = 1

2Q · Ẋ, Q = Ẋ(M), and to its restriction due to (2)

T ∗(q1, . . . , qn, q̇1, . . . , q̇m, t) = T (q1, . . . , qn, q̇1, . . . , q̇m, α1(·), . . . , αk(·), t) (8)

where each αj(·), j = 1, . . . , k depends on q1, . . . , qn, q̇1, . . . , q̇m and t. In that case, the
equations of motion assume the form, for each i = 1, . . . ,m,

d

dt

∂T ∗

∂q̇i
− ∂T ∗

∂qi
−

k∑
ν=1

∂T ∗

∂qm+ν

∂αν
∂q̇i
−

k∑
ν=1

Bνi
∂T

∂q̇m+ν
= F (qi) +

k∑
ν=1

∂αν
∂q̇i
F (qm+ν) (9)

joined with (2), where in ∂T
∂q̇m+ν

the variables q̇m+1, . . . , q̇n are expressed in terms of

(q1, . . . , qn, q̇1, . . . , q̇m, t) by using (2) and the coe�cients Bνi are

Bνi = d
dt

(
∂αν
∂q̇i

)
− ∂αν

∂qi
−

k∑
µ=1

∂αµ
∂q̇i

∂αν
∂qm+µ

=
m∑
r=1

(
∂2αν
∂q̇i∂qr

q̇r + ∂2αν
∂q̇i∂q̇r

..
qr

)
− ∂αν

∂qi
+

k∑
µ=1

(
∂2αν

∂q̇i∂qm+µ
αµ − ∂αµ

∂q̇i
∂αν
∂qm+µ

)
+ ∂2αν

∂q̇i∂t
.

(10)

In order to achieve (9), the key point is the well known relation Q̇ · ∂X∂qi = d
dt
∂T
∂q̇i
− ∂T

∂qi
.

2.2. Some remarks. Equations (5) or (9) hold for a system settled by n parameters q1,
. . . , qn and undergoing the m < n nonlinear nonholonomic constraints (2); it is worth it
to dwell upon some signi�cant points and remarks.
Equations (6) trace the Gibbs�Appell equations, since the left side of (6) corresponds to

the calculus ∂S

∂
..
qi
, where S = 1

2Q̇ ·
..

X is the acceleration energy (Gibbs�Appell function);

actually ∂S

∂
..
qi

= Q̇ · ∂
..
X

∂
..
qi

= Q̇ · (∂X∂qi +
k∑
j=1

∂αj
∂q̇i

∂X
∂qm+j

), which sends back to (4). On the other

hand, equations (6) extend to the nonlinear case the Voronec equations (appeared in [13]
and discussed in [9]) for the linear nonholonomic constraints (3); in the latter case the
terms ∂αν∂q̇i

in (6) are simply αν,i and the equations of motion (9) are, for each i = 1, . . . ,m,

d

dt

∂T ∗

∂q̇i
− ∂T ∗

∂qi
−

k∑
ν=1

αν,i
∂T ∗

∂qm+ν
−

k∑
ν=1

m∑
r=1

βνir q̇r
∂T

∂q̇m+ν
= F (qi) +

k∑
ν=1

αν,iF (qm+ν) (11)

where the coe�cients (10) reduce to

Bνi =

m∑
r=1

βνir q̇r +
∂αν,i
∂t

, βνir =
∂αν,i
∂qr

− ∂αν,r
∂qi

+

k∑
µ=1

(
∂αν,i
∂qm+µ

αµ,r −
∂αν,r
∂qm+µ

αµ,i

)
. (12)

Although the explicit dependence of αν,i on t is absent in [9], the widening to the rheo-
nomic case is trivial. Equations (9) correspond to the ones derived in [15], as the most
general form of equations of motion in Poincaré�Chetaev variables extended to nonlinear
nonholonomic systems; the Voronec's equations (9) are the same as the Voronec's equa-
tions pointed out in [15] as the special case of Poincaré's kinematic parameters chosen as
the real generalized velocities. Also the geometric approach for nonholonomic machanical
systems (Lagrangian systems on �bered manifolds) performed in [10] leads to the same
equations of motion as (9). Concerning the dependence of (2) on the variables, a special
case is

αν = αν(q1, . . . , qm, q̇1, . . . , q̇m, t) for each ν = 1, . . . , k,

T = T (q1, . . . , qm, q̇1, . . . , q̇n, t), Fi = Fi(q1, . . . , qm, q̇1, . . . , q̇n, t)
(13)
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that is the coordinates qm+1, . . . , qn corresponding to the dependent velocities do not
occur; we may refer to these systems as nonlinear Čaplygin systems. In this case, system
(9) reduces to (see also (10))

d
dt
∂T∗

∂q̇i
− ∂T∗

∂qi
−

k∑
ν=1

(
m∑
r=1

(
∂2αν
∂q̇i∂qr

q̇r +
∂2αν
∂q̇i∂q̇r

..
qr

)
− ∂αν
∂qi

+
∂2αν
∂q̇i∂t

)
︸ ︷︷ ︸

d
dt
∂αν
∂q̇i
−αν

∂T
∂q̇m+ν

= F (qi) +
k∑
ν=1

∂αν
∂q̇i
F (qm+ν).

(14)

The remarkable advantage of the di�erential system (14) is that it contains only the
unknown functions q1, . . . , qm and it is disentangled from the constraints equations (3).
Within assumption (13), the linear stationary case

αν,j = αν,j(q1, . . . , qm) for each ν = 1, . . . , k and j = 1, . . . ,m

T = T (q1, . . . , qm, q̇1, . . . , q̇n), Fi = Fi(q1, . . . , qm, q̇1, . . . , q̇n)
(15)

leads to the Čaplygin's equations (see [9]), for each i = 1, . . . ,m:

d

dt

∂T ∗

∂q̇i
− ∂T ∗

∂qi
−

k∑
ν=1

m∑
r=1

(
∂αν,i
∂qr

− ∂αν,r
∂qi

)
q̇r

∂T

∂q̇m+ν
= F (qi) +

k∑
j=1

αj,iF (qm+j). (16)

We �nally remark that whenever the kinetic energy is, consistently with the ordinary

mechanical systems, T = 1
2

n∑
i,j=1

gi,j q̇iq̇j +
n∑
i=1

biq̇i + c, bi(q1, . . . , qn, t) = ∂X(M)

∂qi
· ∂X∂t ,

c(q1, . . . , qn, t) = 1
2
∂X(M)

∂t ·
∂X
∂t (gi,j are de�ned in (7)) so that (8) writes

T ∗ = 1
2

(
m∑

r,s=1
gr,sq̇r q̇s +

k∑
ν,µ=1

gm+ν,m+µαναµ

)
+

m∑
r=1

k∑
ν=1

gr,m+ν q̇rαν +
m∑
r=1

br q̇r +
k∑
ν=1

bm+ναν + c

(17)

then rearranging the terms in (9) one can easily check (see [11]) that all the terms of

−
k∑
ν=1

∂T
∂q̇m+ν

Bνi , for each i = 1, . . . ,m, cancel out with part of the addends of d
dt

(
∂T∗

∂q̇i

)
,

of −∂T
∗

∂qi
and of −

k∑
ν=1

∂T∗

∂qm+ν

∂αν
∂q̇i

. The remaining terms of (9) coincide precisely with the

terms of (6).

3. Energy balance

Let us assume that the active forces depend only on X and t and come from a potential
U :

F = ∇XU(X, t) (18)

so that the restriction U(q1, . . . , qn, t) = U(X(q1, . . . , qn, t), t) to the con�guration mani-
fold provides the generalized forces as follows:

F (qi) =
∂U

∂qi
, i = 1, . . . , n (19)
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It is known that in case of holonomic systems X(q1, . . . , q`, t) (that is removing (1)) the
equations of motion d

dt
∂L
∂q̇i
− ∂L

∂qi
= 0, i = 1, . . . , n, where L = T + U entail the energy

balance d
dt

(
n∑
i=1

q̇i
∂L
∂q̇i
− L

)
= −∂L∂t , which supplies the conservation of the quantity in

brackets, whenever L does not depend on t explicitly.
Now, if the constraints (1) are present, recalling T ∗ de�ned in (8) we set

L∗(q1, . . . , qn, q̇1, . . . , q̇m, t) = T ∗(q1, . . . , qn, q̇1, . . . , q̇m, t) + U(q1, . . . , qn, t) (20)

as the Lagrangian in terms of the independent velocities. The following Proposition
generalizes the just mentioned balance of holonomic systems.

Proposition 2. The equations of motion (9) entail

d

dt

(
m∑
i=1

q̇i
∂L∗

∂q̇i
− L∗

)
−

k∑
ν=1

(αν − αν)
∂L∗

∂qm+ν
−

k∑
ν=1

Bν
∂T

∂q̇m+ν
= −∂L

∗

∂t
(21)

where

αν(q1, . . . , qn, q̇1, . . . , q̇m, t) =

m∑
i=1

q̇i
∂αν
∂q̇i

, (22)

Bν(q1, . . . , qn, q̇1, . . . , q̇m, t) =
m∑
r=1

q̇r

(
∂αν
∂qr
− ∂αν

∂qr

)
+

k∑
µ=1

(
αµ

∂αν
∂qm+µ

− αµ ∂αν
∂qm+µ

)
+

m∑
r=1

..
qr

(
∂αν
∂q̇r
− ∂αν

∂q̇r

)
+ ∂αν

∂t

= d
dt (αν − αν)−

k∑
µ=1

∂αν
∂qm+µ

(αµ − αµ) + ∂αν
∂t .

(23)

Proof. Basing on the formula

d

dt
F (q1, . . . , qn, q̇1, . . . , q̇m, t) =

m∑
i=1

∂F

∂qi
q̇i +

k∑
ν=1

∂F

∂qm+ν
αν +

m∑
i=1

∂F

∂q̇i

..
qi +

∂F

∂t
(24)

implemented with F = T ∗ one �nds
m∑
i=1

q̇i

(
d
dt
∂T∗

∂q̇i
− ∂T∗

∂qi
−

k∑
ν=1

∂T∗

∂qm+ν

∂αν
∂q̇i

)
= d

dt

(
m∑
i=1

q̇i
∂T∗

∂q̇i
− T ∗

)
+ ∂T∗

∂t −
k∑
ν=1

∂T∗

∂qm+ν

(
m∑
i=1

q̇i
∂αν
∂q̇i
− αν

)
so that

m∑
i=1

q̇i

(
d

dt

∂T ∗

∂q̇i
−
∂T ∗

∂qi
−

k∑
ν=1

∂T ∗

∂qm+ν

∂αν

∂q̇i

)
=

d

dt

(
m∑
i=1

q̇i
∂T ∗

∂q̇i
− T ∗

)
+
∂T ∗

∂t
−

k∑
ν=1

∂T ∗

∂qm+ν
(αν − αν) .

(25)

Furthermore, recalling (10) one has

m∑
i=1

Bνi q̇i =
d

dt

(
m∑
i=1

q̇i
∂αν

∂q̇i

)
−

m∑
i=1

(
q̇i
∂αν

∂qi
+
..
qi
∂αν

∂q̇i

)
−

k∑
µ=1

m∑
i=1

q̇i
∂αµ

∂q̇i

∂αν

∂qm+µ

=
dαν

dt
−

m∑
i=1

(
q̇i
∂αν

∂qi
+
..
qi
∂αν

∂q̇i

)
−

k∑
µ=1

αµ
∂αν

∂qm+µ

=
m∑
r=1

q̇r

(
∂αν

∂qr
−
∂αν

∂qr

)
+

k∑
µ=1

(
αµ

∂αν

∂qm+µ
− αµ

∂αν

∂qm+µ

)
+

m∑
r=1

..
qr

(
∂αν

∂q̇r
−
∂αν

∂q̇r

)
+
∂αν

∂t
. (26)
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Concerning the forces, under assumption (19) and having in mind dU
dt =

m∑
i=1

∂U
∂qi
q̇i +

k∑
ν=1

∂U
∂qm+ν

αν + ∂U
∂t , we can write

m∑
i=1

q̇i

(
F (qi) +

k∑
ν=1

∂αν
∂q̇i
F (qm+ν)

)
=
dU

dt
− ∂U

∂t
+

k∑
ν=1

∂U

∂qm+ν
(αν − αν) . (27)

By virtue of (25), (26) and (27), multiplying each of (9) by q̇i and summing up with
respect to i one gets the statement (21). The second equality for Bν in (23) is obtained
by applying (24) with F = αν − αν . �

Corollary 1. For a system verifying assumption (13) (nonlinear Čaplygin's systems) and
assumption (19) for i = 1, . . . ,m, equation (21) takes the simpler form

d

dt

(
m∑
i=1

q̇i
∂L∗

∂q̇i
− L∗

)
−

k∑
ν=1

(
d

dt
(αν − αν) +

∂αν
∂t

)
∂T

∂q̇m+ν
= −∂L

∗

∂t
(28)

Indeed, the terms containing ∂L∗
∂qm+ν

in (22) cancel out for each ν = 1, . . . , k.

Whenever T ∗ is the function (17), the energy of the system is

m∑
i=1

q̇i
∂L∗

∂q̇i
− L∗ =

1

2

m∑
r,s

gr,sq̇r q̇s +

k∑
ν,µ=1

gm+ν,m+µ(αναµ −
1

2
αναµ) (29)

+

m∑
r=1

k∑
ν=1

gr,m+ναν q̇r +

k∑
ν=1

bm+ν(αν − αν)− c− U.

We refer to (29) as the energy of the system.

4. Special classes of nonholonomic constraints

As it emerges from the Examples, the energy balance (21) deserves a distinctive treatment
whenever the constraint functions (2) take a speci�c form. In particular, the circumstance
αν = αν play the crucial role for the conservation of the energy of the system. Let us
start from the following

Lemma 1. For a �xed ν from 1 up to k, αν = αν if and only if αν is a homogeneous
function of degree 1 w. r. t. q̇1, . . . , q̇m.

Proof. We simply turn to the Euler's theorem: αν =
m∑
r=1

q̇r
∂αν
∂q̇r

= αν if and only if αν is

a homogeneous function of degree 1 with respect to the variables q̇1, . . . , q̇m. �
Let us now assume that each of the nonholonomic constraints veri�es

αν = αν for any ν = 1, . . . , k. (30)

Then, the energy balance simpli�es according to the following statement.

Proposition 3. If (30): holds, the energy balance (21) takes the simpler form

d

dt

(
m∑
i=1

q̇i
∂L∗

∂q̇i
− L∗

)
= −∂L

∗

∂t
+

k∑
ν=1

∂T

∂q̇m+ν

∂αν
∂t

. (31)
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Proof. Owing to (30) the terms with ∂L∗
∂qm+ν

in (21) are null. Moreover, the de�nition

(22) shows Bν = ∂αν
∂t = ∂αν

∂t , hence
k∑
ν=1

Bν
∂T

∂q̇m+ν
=

k∑
ν=1

∂αν
∂t

∂T
∂q̇m+ν

and (31) is proved.

�

Remark 2. The presence of the rheonomic contributions on the right side of equality
(32) is easily explainable: ∂L∗

∂t can be not null either because of the non�stationarity of

the holonomic constraints (hence ∂T∗

∂t 6= 0) or because of the presence of t in the forces

(then ∂U
∂t 6= 0). On the other hand, the possible non�stationarity of the nonholonomic

constraints (3) gives rise to the terms containing ∂αν
∂t .

4.1. Linear nonholonomic constraints. A signi�cant circumstance of validity of as-
sumption is the case of linear nonholonomic constraints of the form (3). Indeed, the

linear functions
m∑
j=1

αν,j(q1, . . . , qn, t)q̇j , ν = 1, . . . , k, are homogeneous functions of de-

gree 1 w. r. t. q̇1, . . . , q̇m and Lemma 1 is applicable. By virtue of (30) the coe�cients

(23) are Bν =
m∑
i=1

q̇i
∂αν,i
∂t , hence the energy balance (31) takes the form

d

dt

(
m∑
i=1

q̇i
∂L∗

∂q̇i
− L∗

)
= −∂L

∗

∂t
+

k∑
ν=1

m∑
i=1

q̇i
∂T

∂q̇m+ν

∂αν,i
∂t

. (32)

Concerning the linear stationary case, the balance (32) assumes the form pertinent to
holonomic systems:

Corollary 2. For a system such that ∂L∗
∂t = 0 and submitted to stationary linear kine-

matic constraints (3) with αν,j = αν,j(q1, . . . , qn) for each ν = 1, . . . , k and j = 1, . . . ,m,

the quantity I(q1, . . . , qm, q̇1, . . . , q̇m) =
m∑
i=1

q̇i
∂L∗
∂q̇i
−L∗ is conserved. Assuming for T ∗ the

form (17) with gi,j, bi and c not depending on t explicitly, i, j = 1, . . . , n, the constant of
motion is

I =

m∑
r,s

(
1

2
gr,s +

1

2

k∑
ν,µ=1

gm+ν,m+µαν,rαµ,s +
k∑
ν=1

gr,m+ναν,s

)
q̇r q̇s − U − c. (33)

The conserved quantity, examined in [9] as well as in other textbooks, is the generalized
energy integral, or Jacobi integral, of the Lagrangian L∗.

4.2. Nonlinear constraints: homogeneous quadratic functions. A frequently en-
countered subcategory of nonholonomic constraints (1) encompasses restrictions of the
form

n∑
i,j=1

γνi,j(q1, . . . , qn, t)q̇iq̇j = 0, ν = 1, . . . , k. (34)

Assuming that the explicit form which singles out q̇m+1, . . . , q̇n can be achieved, (2) takes
the form

q̇m+ν =

m∑
r,s=1

γνr,s(q1, . . . , qn, t)q̇r q̇s

m∑
i=1

βνi (q1, . . . , qn, t)q̇i

= αν(q1, . . . , qn, q̇1, . . . , q̇m, t), ν = 1, . . . , k (35)

for appropriate functions βνi . The functions αν of (35) are homogeneous of degree 1
w. r. t. q̇1, . . . , q̇m, hence the energy balance which pertains to such systems is (31), where
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the functions γνr,s and βνi will appear; in the stationary case the energy is conserved.
In a natural way, constraints (34) appear when the restrictions concern parallelism or
orthogonality of the velocities, or the assignment of equal intensity of the velocities. A
typical and simple instance takes into consideration two points P1, P2, for which the
three restrictions Ṗ1 ∧ Ṗ2 = 0, Ṗ1 · Ṗ2 = 0, |Ṗ1|2 = |Ṗ2|2 respectively read, in cartesian
coordinates,

ẋ1ẏ2 − ẏ1ẋ2, ẋ1ż2 − ż1ẋ2 = 0 parallelism
ẋ1ẋ2 + ẏ1ẏ2 + ż1ż2 = 0 orthogonality
ẋ21 + ẏ21 + ż21 − ẋ22 − ẏ22 − ż22 = 0 same norm of velocity

belonging to class (34). It is worthwhile to stress that adding further resctrictions or
specifying mechanisms regarding the nonholonomic constraints (34) may modify totally
the typology of the restrictions: in this sense, the equivalence in realizing phisically non-
holonomic restrictions by means of either linear or nonlinear equations sometimes claimed
in literature needs to be debated.

4.3. Linear a�ne constraints. Finally, a special situation concerns the nonholonomic
systems with a�ne constraints, which can be assumed of the form (not encompassed by
(3))

αν =

m∑
j=1

aν,j(q1, . . . , qn, t)q̇j + cν(t), ν = 1, . . . , k (36)

with cν non zero function. In that case ᾱν = αν − cν , so that Bν = ∂αν
∂t and (21) is

d

dt

(
m∑
i=1

q̇i
∂L∗

∂q̇i
− L∗

)
+ cν

∂L∗

∂qm+ν
−

k∑
ν=1

 m∑
j=1

∂αν,j
∂t

q̇j + ċν

 ∂T

∂q̇m+ν
= −∂L

∗

∂t
. (37)

The stationary case αν,j(1, . . . , qn, q̇1, . . . , q̇m), cν constant provides the conservation of
the quantity in round brackets (energy), whenever L∗ does not depend explicitly on t and
the forces verify special properties, as it is described in the following
A necessary and su�cient condition (in terms of geometrical properties of the constraint
manifold) in order that (21) provides the energy integral is discussed and proved in [5].

5. Conclusions

The equations of motions for nonholonomic nonlinear systems are presented in both ver-
sions (6) and (9), each of them showing advantageous points. The context of nonlinear
restrictions leads us to make use of the generalized velocities as kinematic variables (in-
stead of quasi�coordinates), thus favouring the extension of the Voronec's method for
linear kinematic constraints to the nonlinear case. The calculation of the power of the
forces, by way of rearranging the equations of motion, generates (21), showing in an
uni�ed and consistent way the rate of change in time of the energy espressed by the inde-
pendent velocities (the function in round brackets in (21)) in terms of the contributions
due to the constraints forces (by means of the coe�cients αν and Bν) and of the possible
explicit dependence of the restriction or of the forces on time (term on the right side).
The arrangement of the energy balance equation is suitable in order to identify the type
of nonholonomic constraints exhibiting αν = αν , which is the key point for the purposes
of inferring the �rst integral of energy. At the same time, in some special modellistic
circumstances the setup (21) shows directly the appropriate simplifcations, as in the case
(28) or in the linear case. Several examples of simple but meaningful systems have been
performed. Condition (30) �ts for kinematic constraints whose explicit formulation (2) is
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a homogeneous function of degree 1: the models frequently adopted in literature and ac-
cessible for implementations concerning special restrictions on the velocities (parallelism,
equal norms, orthogonality) fall in this category. Theoretically, it is easy to extend the cat-
egory to restrictions (1) which are homogeneous functions of arbitrary degree w. r. t. the
generalized velocities q̇1, . . . , q̇n; however, from the experimental point of view this may
produce a not concrete realisation. Beyond the mere aspect of the balance of energy,
the subject nonlinear constraints presents interesting questions somehow unexplored in
literature and sometimes misleading. These aspects, just mentioned in the paper, concern
the equivalence of linear kinematics models with nonlinear restrictions, the correctness of
mergering part of the constraints giving rise to new conditions (tipically, two linear con-
straints are joined to form a quadratic condition); the Hamel�Appell example of a system
with nonlinear nonholonomic constraint obtained by linear kinematic condition is a point
of reference in this sense. A sistematic procedure for readily comparing the equations of
motion whenever di�erent sets of independent velocities are selected is also not secondary
in order to take into the right consideration the local use of (2). The just mentioned open
points are the next purpose of the research on nonlinear kinematic constraints.
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