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ON THE ADDITION OF A DIRAC MASS TO A q-LAGUERRE-HAHN

FORM

S. JBELI AND L. KHÉRIJI

Abstract. Our goal is to study the addition of a Dirac mass to a Hq-Laguerre-Hahn

form where Hq be the q-derivative operator. The Hq-Laguerre-Hahn character and

the class of the obtained form is discussed into detail. An example in connection with
the first order associated of a Hq-classical form is highlighted.

1. Introduction and preliminaries

The addition of a Dirac mass to a regular and D-semiclassical form was studied by F.
Marcellán and P. Maroni in [7] where D is the derivative operator. Later, F. Marcellán and
E. Prianes have studied the addition problem of a D-Laguerre-Hahn form [8]. In [3], the
basic theory of Hq-Laguerre-Hahn (q-Laguerre-Hahn in short) forms (linear functionals)
and a few generic examples related to some standard transformations (association, co-
recursion, inversion) of Hq-classical [4, 6] or more generally Hq-semiclassical q-polynomials
[5] were studied, where Hq be the q-derivative operator (see also [2]).

So, the aim of this work is to construct some new q-Laguerre-Hahn forms of class
greater to one from old one’s by using the following standard perturbation

ǔ = u+ λδc,

or equivalently,

(x− c)ǔ = λ(x− c)u,
where c is a complex number, δc be the Dirac measure at c (δ0 := δ), λ a non null complex
number and u be a q-Laguerre-Hahn form of class s. The q-Laguerre-Hahn character of
ǔ is studied for any complex c. The variation of the class is examined into detail for c = 0
in order to avoid long calculations and an example in connection with the first associated
of the natural q-analogue of Hermite is emphasized and provides two q-Laguerre-Hahn
new forms of class 1 and 2 depending on the value of the parameter λ.

We denote by P the vector space of the polynomials with coefficients in C and by P ′ its
dual space whose elements are forms. The action of u ∈ P ′ on f ∈ P is denoted as 〈u, f〉.
In particular, we denote by (u)n := 〈u, xn〉 , n ≥ 0 the moments of u. For instance, for
any form u, any polynomial g and any (a, c) ∈ (C \ {0})×C, we let Hqu, gu, hau, Du,
(x− c)−1u and δc, be the forms defined as usually [9] and [4] for the results related to the
operator Hq

〈Hqu, f〉 := −〈u,Hqf〉 , 〈gu, f〉 := 〈u, gf〉 , 〈hau, f〉 := 〈u, haf〉 ,

〈Du, f〉 := −〈u, f ′〉 , 〈(x− c)−1u, f〉 := 〈u, θcf〉 , 〈δc, f〉 := f(c) ,
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where for all f ∈ P and q ∈ C̃ :=
{
z ∈ C, z 6= 0, zn 6= 1, n ≥ 1

}
[4]

(Hqf)(x) =
f(qx)− f(x)

(q − 1)x
, (haf)(x) = f(ax) , (θcf)(x) =

f(x)− f(c)

x− c
.

In particular, this yields

(Hqu)n = −[n]q(u)n−1 , n ≥ 0 ,

where (u)−1 = 0 and [n]q :=
qn − 1

q − 1
, n ≥ 0 [4]. It is obvious that when q → 1, we meet

again the derivative D.
For f ∈ P and u ∈ P ′, the product uf is the polynomial [9]

(uf)(x) := 〈u, xf(x)− ζf(ζ)

x− ζ
〉 =

n∑
i=0

( n∑
j=i

(u)j−i fj

)
xi,

where f(x) =

n∑
i=0

fix
i. This allows us to define the Cauchy’s product of two forms:

〈uv, f〉 := 〈u, vf〉 , f ∈ P.

The Stieltjes formal series of u ∈ P ′ is defined by [9]

S(u)(z) := −
∑
n≥0

(u)n
zn+1

.

A form u is said to be regular whenever there is a sequence of monic polynomials
{Pn}n≥0, degPn = n, n ≥ 0 MPS such that 〈u, PnPm〉 = rnδn,m with rn 6= 0 for any
n,m ≥ 0. In this case, {Pn}n≥0 is called a monic orthogonal polynomials sequence MOPS
and it is characterized by the following three-term recurrence relation (Favard’s theorem)
(TTRR in short) [1, 9]

P0(x) = 1, P1(x) = x− β0,

Pn+2(x) = (x− βn+1)Pn+1(x)− γn+1Pn(x), n ≥ 0,
(1)

where βn =
〈u, xP 2

n〉
rn

∈ C, γn+1 =
rn+1

rn
∈ C \ {0}, n ≥ 0.

The shifted MOPS {P̂n := a−n
(
haPn

)
}n≥0 is then orthogonal with respect to û =

ha−1u and satisfies (1.1) with [9]

β̂n =
βn
a

, γ̂n+1 =
γn+1

a2
, n ≥ 0.

Moreover, the form u is said to be normalized if (u)0 = 1. In this paper, we suppose that
any regular form will be normalized. The form u is said to be positive definite if and only
if βn ∈ R and γn+1 > 0 for all n ≥ 0. When u is regular, {Pn}n≥0 is a symmetrical MOPS
if and only if βn = 0, n ≥ 0 or equivalently (u)2n+1 = 0, n ≥ 0 [1].

Given a regular form u and the corresponding MOPS {Pn}n≥0, we define the associated

sequence of the first kind {P (1)
n }n≥0 of {Pn}n≥0 by [9]

Pn
(1)(x) =

〈
u,
Pn+1(x)− Pn+1(ξ)

x− ξ
〉

= (uθ0Pn+1)(x), n ≥ 0.
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Proposition 1. [9] Let {Pn}n≥0 be a MOPS satisfying the TTRR (1.1), then its associ-

ated sequence {P (1)
n }n≥0 satisfies the TTRR

P
(1)
0 (x) = 1, P

(1)
1 (x) = x− β1,

P
(1)
n+2(x) = (x− βn+2)P

(1)
n+1(x)− γn+2P

(1)
n (x), n ≥ 0,

Lemma 1. [4, 5, 9] For f, g ∈ P , u, v ∈ P ′, a ∈ C \ {0} and c ∈ C, we have

ha(gu) = (ha−1g)(hau) , ha(uv) = (hau)(hav) , haδc = δac , f(x)δc = f(c)δc, (2)

hq−1 ◦Hq = Hq−1 , Hq ◦ hq−1 = q−1Hq−1 , in P, (3)

hq−1 ◦Hq = q−1Hq−1 , Hq ◦ hq−1 = Hq−1 , in P ′, (4)

Hq(fg)(x) = (hqf)(x)(Hqg)(x) + g(x)(Hqf)(x), (5)

Hq(gu) = (hq−1g)Hqu+ q−1(Hq−1g)u, (6)

S(Hqu)(z) = q−1(Hq−1(S(u)))(z) , (hq−1S(u))(z) = qS(hqu)(z), (7)

Hq(gu) = gHqu+ (Hq−1g)hqu, (8)

(x− τ)−1
(
(x− τ)u

)
= u− (u)0δτ , (x− τ)

(
(x− τ)−1u

)
= u, (9)

f(x−1u) = x−1(fu) + 〈u, θ0f〉δ, (10)

f(uv) = (fu)v + x(uθ0f)(x)v, (11)

S(fu)(z) = f(z)S(u)(z) + (uθ0f)(z). (12)

We will give now some future about the q-Laguerre-Hahn character.

Definition 1. [3] A form u is called q-Laguerre-Hahn when it is regular and satisfies the
q-difference equation

Hq(Φu) + Ψu+B
(
x−1u(hqu)

)
= 0, (13)

where Φ,Ψ, B are polynomials, with Φ monic. The corresponding orthogonal sequence
{Pn}n≥0 is called q-Laguerre-Hahn MOPS.

Remark 1. 1. When B = 0 and the form u is regular then u is Hq-semiclassical
[5].

2. When u satisfies (13), then û = ha−1u fulfills the q-difference equation [3]

Hq(a
− deg ΦΦ(ax)û) + a1−deg ΦΨ(ax)û+ a− deg ΦB(ax)

(
x−1û(hqû)

)
= 0. (14)

3. Put t = deg Φ, p = deg Ψ, r = degB and d = max(t, r), we define the class of u
the nonnegative integer s [3]

s = min max(p− 1, d− 2)

where the minimum is taken over all triplets (Φ,Ψ, B) satisfying (13). Moreover,
the q-Laguerre-Hahn form u satisfying (13) is of class s = max(p − 1, d − 2) if
and only if∏

c∈ZΦ

{∣∣q(hqΨ)(c)+(HqΦ)(c)
∣∣+∣∣q(hqB)(c)

∣∣+∣∣∣∣〈u, q(θcqΨ)+(θcq◦θcΦ)+q
(
hqu(θ0◦θcqB)

)〉∣∣∣∣} > 0,

(15)

where ZΦ is the set of roots of Φ [3]. When c ∈ ZΦ and (13) may be simplified
by x− c, then (13) becomes

Hq((θcΦ)u) + (qθcqΨ + θcq ◦ θcΦ)u+ q(θcqB)
(
x−1u(hqu)

)
= 0. (16)

Proposition 2. [3] Let u be a regular form. the following statement are equivalents:

(a) u belongs to the q-Laguerre-Hahn class, satisfying (13).
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(b) The Stieljes formal series S(u) satisfies the q-Riccati equation

(hq−1Φ)(z)Hq−1(S(u))(z) = B(z)S(u)(z)(hq−1S(u))(z) + C(z)S(u)(z) +D(z), (17)

where Φ and B are polynomials defined in (13) and{
C(z) = −(Hq−1Φ)(z)− qΨ(z)

D(z) = −
{
Hq−1(uθ0Φ)(z) + q(uθ0Ψ)(z) + q(uhqu)(θ2

0B)(z)
}

.
(18)

Moreover, u is of class s if and only if∏
c∈ZΦ

{
|B(cq)|+ |C(cq)|+ |D(cq)|

}
> 0, (19)

and one may write

s = max
(
degB − 2,degC − 1,degD

)
. (20)

Lastly, the following results and notations will be needed in the sequel.

Lemma 2. [3] If u be a q-Laguerre-Hahn form of class s fulfilling (13) such that its
Stieltjes formal series S

(
u
)

satisfies (17), then the associated form u(1) is q-Laguerre-

Hahn of the same class s fulfilling (21) and its Stieltjes formal series S
(
u(1)

)
satisfying

(22) where

Hq(Φ
(1)u(1)) + Ψ(1)u(1) +B(1)

(
x−1u(1)(hqu

(1))
)

= 0, (21)

(hq−1Φ(1))(z)Hq−1(S(u(1)))(z) =

B(1)(z)S(u(1))(z)(hq−1S(u(1)))(z) + C(1)(z)S(u(1))(z) +D(1)(z), (22)

with
KΦ(1)(x) = Φ(x) + (q − 1)x{(qx− β0)(hqD)(x)− (hqC)(x)} ,
KΨ(1)(x) = −

{
q−1(Hq−1Φ)(x) + q−1(q−1x− β0)D(x) + (qx− β0)(hqD)(x)− (hqC)(x)

}
,

KB(1)(x) = γ1D(x) ,

KC(1)(x) = ((q−1 + 1)x− 2β0)D(x)− C(x) ,

KD(1)(x) = γ−1
1

{
B(x) + (q−1x− β0)(x− β0)D(x)− (q−1x− β0)C(x)− (hq−1Φ)(x)

}
,

(23)

and K is a normalization constant.

The quantum factorial symbol is defined by [4]

(x; q)0 = 1, (x; q)n =

n−1∏
k=0

(1− xqk), x, q ∈ C. (24)

2. The addition of a Dirac mass problem: the q-Laguerre-Hahn case

Let u be a regular form and {Pn}n≥0 its MOPS satisfying the TTRR (1). Let ǔ ∈ P ′

such that

ǔ = u+ λδc, λ, c ∈ C, (25)

or equivalently,

(x− c)ǔ = λ(x− c)u. (26)

It is seen in [7] that ǔ is regular, if and only if, λ 6= λn, n ≥ 0 where

λn = −

(
n∑
ν=0

P 2
ν (c)

τν

)−1

, τn =

n∏
ν=0

γν , n ≥ 0, γ0 := 1. (27)
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In this case, denoting {P̌n}n≥0 its MOPS and β̌n, γ̌n+1, n ≥ 0 the recurrence elements
of its TTRR, we have [7]

(x− c)P̌n+1(x) = Pn+2(x) + bn+1Pn+1(x) +
dn+1

dn
Pn(x), n ≥ 0,

b0 = β0 − c, bn+1 = βn+1 − c− λ
Pn(c)Pn+1(c)

dn
, n ≥ 0,

β̌n = βn+1 + bn − bn+1, n ≥ 0,

γ̌n+1 = γn
dn+1dn−1

d2
n

, n ≥ 0, d0 = 1 + λ, d−1 := 1, γ̌0 = 1 + λ.

(28)

with

dn =

(
n∏
ν=0

γν

)(
1 + λ

n∑
ν=0

P 2
ν (c)

τν

)
, n ≥ 0. (29)

Moreover [7],

. when u is positive definite and c ∈ R, then the form ǔ is positive definite for any
λ > 0 and regular for any λ ∈ C\]−∞, 0[.

. When u is symmetric regular and real, then for any c, λ such that <(c) =
0, =(λ) 6= 0, the form ǔ is regular.

2.1. The q-Laguerre-Hahn character of ǔ. From now on, let u be a q-Laguerre-Hahn
form of class s satisfying (13) and its corresponding MOPS {Pn}n≥0 fulfilling the TTRR
(1). We suppose that λ 6= λn, n ≥ 0. Consequently, the form ǔ defined by (25) is regular.
We are going to study the q-Laguerre-Hahn character of ǔ and the variation of its class
š according to that of u.

Proposition 3. The regular form ǔ is q-Laguerre-Hahn of class š such that s− 2 ≤ š ≤
s+ 2 and satisfying the q-difference equation

Hq

(
Φ̌(x)ǔ

)
+ Ψ̌(x)ǔ+ B̌(x)

(
x−1ǔ(hqǔ)

)
= 0, (30)

with 
KΦ̌(x) = q(x− c){(qx− c)Φ(x) + λ(q − 1)xB(qx)},
KΨ̌(x) = (x− c){(x− cq)Ψ(x)− (1 + q)Φ(x)− λ(B(x) + qB(qx))},
KB̌(x) = (x− c)(x− cq)B(x).

(31)

In addition, its Stieltjes formal series S(ǔ) satisfies the q-Riccati equation

(hq−1Φ̌)(z)Hq−1(S(ǔ))(z) = B̌(z)S(ǔ)(z)(hq−1S(ǔ))(z) + Č(z)S(ǔ)(z) + Ď(z), (32)

where
KΦ̌(z) = q(z − c){(qz − c)Φ(z) + λ(q − 1)zB(qz)},
KB̌(z) = (z − c)(z − cq)B(z),
KČ(z) = {(z − c)(z − cq)C(z) + λ

(
(1 + q)z − 2cq

)
B(z)},

KĎ(z) = {(z − c)(z − cq)D(z) + qλ2B(z) + λ(z − cq)C(z) + λ(hq−1Φ)(z)}.

(33)

Proof. Accordingly to (25) and the third formula in (2), the q-difference equation (13) is
equivalent to

Hq

(
Φ(x)(ǔ− λδc)

)
+ Ψ(x)(ǔ− λδc) +B(x)

(
x−1(ǔ− λδc)((hqǔ)− λδcq)

)
= 0. (34)

Multiplying (34) by (x− c)(x− cq), we have for the second term and the first one of the
obtained q-difference equation,

(x− c)(x− cq)Ψ(x)(ǔ− λδc) = (x− c)(x− cq)Ψ(x)ǔ,
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(x− c)(x− cq)Hq

(
Φ(x)(ǔ− λδc)

)
= Hq

(
q(x− c)(qx− c)Φ(x)(ǔ− λδc)

)
−(1 + q)(x− c)Φ(x)(ǔ− λδc)

= Hq

(
q(x− c)(qx− c)Φ(x)ǔ

)
− (1 + q)(x− c)Φ(x)ǔ,

thanks to (6) and the fact that (x− c)δc = 0.
To simplify the third term (x− c)(x− cq)B(x)

(
x−1(ǔ− λδc)((hqǔ)− λδcq)

)
, we have

(x− c)(x− cq)
(
x−1(ǔ− λδc)((hqǔ)− λδcq)

)
=

(x−c)(x−cq)
(
x−1ǔhqǔ−λx−1(δchqǔ+ǔδcq)+λ

2x−1δcδcq

)
with

(x− c)(x− cq)
(
x−1δchqǔ

)
= x−1

(
(x− c)(x− cq)(δchqǔ)

)
+ 〈δchqǔ, x− c(1 + q)〉δ

= x−1
(
x(x− cq)hqǔ

)
+ 〈hqǔ, x− cq〉δ

= (x−cq)hqǔ−((x−cq)hqǔ)0δ+〈hqǔ, x−cq〉δ = (x−cq)hqǔ,

(x− c)(x− cq)
(
x−1ǔδcq

)
= x−1

(
(x− c)(x− cq)(δcqǔ)

)
+ 〈δcqǔ, x− c(1 + q)〉δ

= x−1
(
x(x− c)ǔ

)
+ 〈ǔ, x− c〉δ

= (x− c)ǔ− ((x− c)ǔ)0δ + 〈ǔ, x− c〉δ = (x− c)ǔ,
and

(x− c)(x− cq)
(
x−1δcδcq

)
= x−1

(
(x− c)(x− cq)(δcδcq)

)
+ 〈δcδcq, x− c(1 + q)〉δ

= x−1
(
x(x− cq)δcq

)
+ 〈δcq, x− cq〉δ = 0,

since (2), (9)-(11) and definitions. Therefore, the third term of the obtained q-difference
equation becomes
(x− c)(x− cq)B(x)

(
x−1(ǔ− λδc)((hqǔ)− λδcq)

)
=

(x− c)(x− cq)B(x)
(
x−1ǔhqǔ

)
− λ(x− cq)B(x)hqǔ− λ(x− c)B(x)ǔ. (35)

Now, combining (6) and (8) this allows to deduce that

hqǔ = (1− q)Hq(xǔ) + ǔ. (36)

Injecting (36) in (35) and thanks to (6) another time leads to
(x− c)(x− cq)B(x)

(
x−1(ǔ− λδc)((hqǔ)− λδcq)

)
= (x− c)(x− cq)B(x)

(
x−1ǔhqǔ

)
−λ
{
q(1− q)Hq

(
x(x− c)B(qx)ǔ

)
+ (x− c)(B(x) + qB(qx))ǔ

}
.

Consequently, we obtain (30)-(31). Moreover, on account of (31) and the definition of
the class, it is easy to see that š ≤ s + 2. The multiplication of (17) by (z − c)(z − cq),
while using (5) and the formula (see (12) for f(z) = z−c) S((z−c)u) = (z−c)S(u)+1, give

hq−1(q2(z − c)(z − cq−1)Φ)(z)Hq−1(S(ǔ))(z) = (z − c)(z − cq)B(z)S(ǔ)(z)(hq−1S(ǔ))(z)

+S(ǔ)(z){(z−c)(z−cq)C(z)qλ(z−c)B(z)}+λ(z−cq)B(z)
(
hq−1S(ǔ)

)
(z)

+{qλ2B(z) + λ(z− cq)C(z) + (z− c)(z− cq)D(z) + λ(hq−1Φ)(z)}. (37)

But, from (7)-(8) we have(
hq−1S(ǔ)

)
(z) = qS(hqǔ)(z) = S(ǔ)(z)− (1− q−1)z

(
Hq−1S(ǔ)

)
(z). (38)

By replacing (38) in (37), we obtain the desired result (32)-(33). Lastly, we have from
definitions ť = deg Φ̌ ≤ max(deg Φ + 2,degB + 2) ≤ s + 4, p̌ = deg Ψ̌ ≤ max(deg Ψ +
2,deg Φ + 1,degB + 1) ≤ s+ 3, ř = deg B̌ = degB + 2 ≤ s+ 4. Then, ď = max(ť, ř) ≤
s + 4, š = max(p̌ − 1, ď − 2) ≤ s + 2. On the other hand, since u = ǔ − λδc is a regular
form we deduce from the above result that s ≤ š+ 2. Therefore, s− 2 ≤ š. �
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Lemma 3. Let ǔ the q-Laguerre-Hahn form which its Stieltjes formal series satisfies
(32)-(33).

(1) For any root τ of Φ̌ such that τ 6= c and τ 6= cq−1, the equation (32) with (33)
cannot be simplified by z − τq.

(2) If τ is a root of Φ̌ such that τ = c, the equation (32) with (33) cannot be simplified
by z − cq if and only if

| cq(q − 1)B(qc) | + | qλB(qc) + Φ(c) |6= 0. (39)

(3) If τ is a root of Φ̌ such that τ = cq−1, the equation (32) with (33) cannot be
simplified by z − c if and only if

| c(1− q)B(c) | + | qλB(c) + Φ(cq−1) + c(1− q)C(c) |6= 0. (40)

Proof. (1) Let τ be a root of the polynomial Φ̌, such that τ 6= c and τ 6= cq−1. If B̌(qτ) =
Č(qτ) = Ď(qτ) = 0, then B(qτ) = 0, which gives from the expression of Φ̌, Φ(τ) = 0.
Therefore Φ(τ) = 0 since τ 6= c and τ 6= cq−1. Now, since B(qτ) =

(
hq−1Φ

)
(qτ) =

Φ(τ) = 0 we have C(qτ) = 0. Next, from the expression of Ď, we see that D(qτ) = 0
since Ď(qτ) = B(qτ) = C(qτ) = 0 and Φ(τ) = 0. Thus, B(qτ) = C(qτ) = D(qτ) = 0.
From (17), we deduce then a contradiction since u is a q-Laguerre-Hahn form of class s.
(2)-(3) If c is a root of Φ̌, then B̌(qc) = 0, KČ(qc) = λcq(q − 1)B(qc) and Ď(qc) =
qλ2B(qc) + λΦ(c) and if cq−1 is a root of Φ̌, then B̌(c) = 0, KČ(c) = λc(q − 1)B(c)
and KĎ(c) = qλ2B(c) + λc(1 − q)C(c) + λΦ(cq−1). Thus, the results in (39)-(40) are
consequences of (17). �

2.2. The class of ǔ when c = 0. Now, ǔ = u+λδ with λ 6= λn, n ≥ 0. From Proposition
3. and Lemma 3., we have

(c2,1) The regular form ǔ is q-Laguerre-Hahn form of class š such that s−2 ≤ š ≤ s+ 2
and satisfying the q-difference equation

Hq

(
Φ̌(x)ǔ

)
+ Ψ̌(x)ǔ+ B̌(x)

(
x−1ǔ(hqǔ)

)
= 0, (41)

with{
KΦ̌(x) = qx2{qΦ(x) + λ(q − 1)B(qx)}, KB̌(x) = x2B(x),
KΨ̌(x) = x{xΨ(x)− (1 + q)Φ(x)− λ(B(x) + qB(qx))}. (42)

In addition, its Stieltjes formal series S(ǔ) satisfies the q-Riccati equation

(hq−1Φ̌)(z)Hq−1(S(ǔ))(z) = B̌(z)S(ǔ)(z)(hq−1S(ǔ))(z) + Č(z)S(ǔ)(z) + Ď(z), (43)

where
KΦ̌(z) = qz2{qΦ(z) + λ(q − 1)B(qz)}, KB̌(z) = z2B(z),
KČ(z) = z{zC(z) + λ(1 + q)B(z)},
KĎ(z) = z2D(z) + qλ2B(z) + λzC(z) + λ(hq−1Φ)(z).

(44)

(c2,2) For any root τ of Φ̌ such that τ 6= 0, the equation (43) with (44) cannot be
simplified by z − τ .

(c2,3) If τ is a root of Φ̌ such that τ = 0, the equation (43 with (44) cannot be simplified
by z if and only if

| qλB(0) + Φ(0) |6= 0. (45)

Theorem 1. The form ǔ = u + λδ when it is regular is q-Laguerre-Hahn of class š
fulfilling (41)-(42) and its Stieltjes formal series S(ǔ) satisfies the q-Riccati equation (43)
with (44). Moreover,

(1) If qλB(0)+Φ(0) 6= 0, then š = s+2. In this case, S(ǔ) satisfies the q-Riccati equation
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(43) with (44).

(2) If
(
qλB(0)+Φ(0) = 0, B(0) 6= 0

)
or
(
qλB(0)+Φ(0) = 0, C(0)+qλB

′
(0)+q−1Φ(0) 6=

0
)
, then š = s+ 1. In this case, S(ǔ) satisfies the q-Riccati equation

(hq−1Φ̌0,1)(z)Hq−1(S(ǔ))(z) = B̌0,1(z)S(ǔ)(z)(hq−1S(ǔ))(z) + Č0,1(z)S(ǔ)(z) + Ď0,1(z), (46)

where 
KΦ̌0,1(z) = z{q2Φ(z) + λq(q − 1)B(qz)}, KB̌0,1(z) = zB(z),
KČ0,1(z) = zC(z) + λ(1 + q)B(z),
KĎ0,1(z) = zD(z) + qλ2B0,1(z) + λC(z) + λq−1(hq−1Φ0,1)(z).

(47)

(3) If
(
(B(0),Φ(0)) = (0, 0), C(0) + qλB

′
(0) = 0, B

′
(0) 6= 0

)
or
(
(B(0),Φ(0)) = (0, 0),

C(0) + qλB
′
(0) = 0, D(0) + λC

′
(0) + qλ2

2 B
′′
(0) + q−2λ

2 Φ
′′
(0) 6= 0

)
, then š = s. In this

case, S(ǔ) satisfies the q-Riccati equation

(hq−1Φ̌0,2)(z)Hq−1(S(ǔ))(z) = B̌0,2(z)S(ǔ)(z)(hq−1S(ǔ))(z) + Č0,2(z)S(ǔ)(z) + Ď0,2(z), (48)

where 
KΦ̌0,2(z) = q2Φ(z) + λq(q − 1)B(qz), KB̌0,2(z) = B(z),
KČ0,2(z) = C(z) + λ(1 + q)B0,1(z),
KĎ0,2(z) = D(z) + qλ2B0,2(z) + λC0,1(z) + λq−2(hq−1Φ0,2)(z).

(49)

(4) If
(
(B(0),Φ(0)) = (C(0), B

′
(0)) = (0, 0), D(0)+λC

′
(0)+ qλ2

2 B
′′
(0)+ q−2λ

2 Φ
′′
(0) = 0,

λ(1+q)
2 B

′′
(0) + C

′
(0) 6= 0

)
or
(
(B(0),Φ(0)) = (C(0), B

′
(0)) = (0, 0), D(0) + λC

′
(0) +

qλ2

2 B
′′
(0)+ q−2λ

2 Φ
′′
(0) = 0, D

′
(0)+ λ

2C
′′
(0)+ qλ2

3! B
′′′

(0)+ q−3λ
3! Φ

′′′
(0) 6= 0

)
, then š = s−1.

In this case, S(ǔ) satisfies the q-Riccati equation

(hq−1Φ̌0,3)(z)Hq−1(S(ǔ))(z) = B̌0,3(z)S(ǔ)(z)(hq−1S(ǔ))(z) + Č0,3(z)S(ǔ)(z) + Ď0,3(z), (50)

where 
K
′
Φ̌0,3(z) = {q2Φ0,1(z) + λq2(q − 1)B(qz)}, K

′ ˇB0,3(z) = B0,1(z),

K
′
Č0,3(z) = C0,1(z) + λ(1 + q)B0,1(z),

K
′
Ď0,3(z) = D0,1(z) + qλ2B0,3(z) + λC0,2(z) + λq−3(hq−1Φ0,1)(z).

(51)

(5) If
(
(B(0),Φ(0)) = (C(0), B

′
(0)) = (0, 0), D(0)− λ2

2 B
′′
(0)+ q−2λ

2 Φ
′′
(0) = 0, D

′
(0)+

λ
2C
′′
(0) + qλ2

3! B
′′′

(0) + q−3λ
3! Φ

′′′
(0) = 0

)
, then š = s − 2. In this case, S(ǔ) satisfies the

q-Riccati equation

(hq−1Φ̌0,4)(z)Hq−1(S(ǔ))(z) = B̌0,4(z)S(ǔ)(z)(hq−1S(ǔ))(z) + Č0,4(z)S(ǔ)(z) + Ď0,4(z), (52)

where
K
′′
Φ̌0,4(z) = q2Φ0,2(z) + λq3(q − 1)B0,2(qz), K

′′
B̌0,4(z) = B0,2(z),

K
′′
Č0,4(z) = C0,2(z) + λ(1 + q)B0,3(z),

K
′′
Ď0,4(z) = D0,2(z) + qλ2B0,4(z) + λC0,3(z) + λq−4(hq−1Φ0,4)(z),

(53)

and for 0 ≤ i ≤ 3,{
Φ0,i(z) = zΦ0,i+1(z) + t0,i+1, Φ0,0 = Φ, B0,i(z) = zB0,i+1(z) + s0,i+1, B0,0 = B,
C0,i(z) = zC0,i+1(z) + q0,i+1, C0,0 = C, D0,i(z) = zD0,i+1(z) + p0,i+1, D0,0 = D.

Proof. On account of (c2,1) we have s − 2 ≤ š ≤ s + 2 and S(ǔ) satisfies the q-Riccati
equation (43) with (44). Therefore,
(1) if qλB(0)+Φ(0) 6= 0, then š = s+2 since (c2,2)−(c2,3) and S(ǔ) satisfies the q-Riccati
equation (43)-(44).
(2) If qλB(0) + Φ(0) = 0, we have 0 is a root of Φ̌, so the equation (43) with (44) is
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simplified by z and S(ǔ) satisfies the Ricatti equation (46)-(47). In this case, according
to (19), the equation (46) with (47) cannot be simplified, if and only if,

| B(0) | + | C(0) + qλB
′
(0) + q−1Φ(0) |6= 0.

(2.1) If B(0) 6= 0 or C(0) + qλB
′
(0) + q−1Φ(0) 6= 0, then š = s+ 1.

(2.2) If B(0) = 0 and C(0) + qλB
′
(0) + q−1Φ(0) = 0, it is easy to see that 0 is a root of

Φ̌0,1, so the equation (46)-(47) is simplified by z and S(ǔ) satisfies the q-Riccati equation
(48)-(49). In this case, according to (19), the equation (48) with (49) cannot be simplified,
if and only if,

| λ(1 + q)B
′
(0) + C(0) | + | D(0) + λC

′
(0) + qλ2

2 B
′′
(0) + q−2λ

2 Φ
′′
(0) |6= 0.

(2.2.1) If λ(1 + q)B
′
(0) + C(0) 6= 0 or D(0) + λC

′
(0) + qλ2

2 B
′′
(0) + q−2λ

2 Φ
′′
(0) 6= 0, then

š = s.
(2.2.2) If λ(1 + q)B

′
(0) + C(0) = 0 and D(0) + λC

′
(0) + qλ2

2 B
′′
(0) + q−2λ

2 Φ
′′
(0) = 0, we

have Φ(0) = B(0) = 0, then 0 is a root of Φ̌0,2. Consequently, the equation (48) with (49)
is simplified by z and S(ǔ) satisfies the q-Riccati equation (50) with (51). In this case,
according to (19), the equation (50) with (51) cannot be simplified, if and only if,

| B′(0) | + | λ(1+q)
2 B

′′
(0) + C

′
(0) | + | D′(0) + λ

2C
′′
(0) + qλ2

3! B
′′′

(0) + q−3λ
3! Φ

′′′
(0) |6= 0.

There are two subcases:
(2.2.2.1) If B

′
(0) 6= 0 or λ(1+q)

2 B
′′
(0) + C

′
(0) 6= 0 or D

′
(0) + λ

2C
′′
(0) + qλ2

3! B
′′′

(0) +
q−3λ

3! Φ
′′′

(0) 6= 0, then š = s− 1.

(2.2.2.2) IfB
′
(0) = 0, λ(1+q)

2 B
′′
(0)+C

′
(0) = 0, D

′
(0)+λ

2C
′′
(0)+ qλ2

3! B
′′′

(0)+ q−3λ
3! Φ

′′′
(0) =

0, then š = s − 2 and S(ǔ) satisfies the q-Riccati equation (52) with (53). The theorem
is then proved. �

Remark 2. When q → 1, we recover the results established in [8].

Example 1. First of all, let us recall H(q) the natural q-analoque of the Hermite form
which is symmetric Hq-classical and {Hn(.; q)}n≥0 be its MOPS. We have [4, 6]

γn+1 =
1

2
qn [n+1]q, Hq

(
H(q)

)
+2xH(q) = 0, Hq−1(S(H(q)))(z) = −2qzS(H(q))(z)−2q. (54)

From (54), for 0 < q < 1, the form H(q) is positive definite. Denoting H(1)(q) its first

associated form and {H(1)
n (.; q)}n≥0 its MOPS. On account of Proposition 1., Proposition

2. and Lemma 2., the symmetric form H(1)(q) is q-Laguerre-Hahn of class s = 0 fulfilling
β
(1)
n = 0, γ

(1)
n+1 = 1

2
qn+1 [n+ 2]q, n ≥ 0,

Hq

(
H(1)(q)

)
+ 2q−1xH(1)(q)− q

(
x−1H(1)(q)(hqH

(1)(q))
)

= 0,

Hq−1(S(H(1)(q)))(z) = −qS(H(1)(q))(z)(hq−1S(H(1)(q))(z)− 2zS(H(1)(q))(z)− 2.

(55)

Morover, from (55) and (20) we haveH
(1)
0 (0; q) = 1, H

(1)
2n+1(0; q) = 0, n ≥ 0, and

H
(1)
2n+2(0; q) = (−1)n+1

n∏
k=0

γ
(1)
2k+1 =

(−1)n+1 q(n+1)2

(q2; q2)n+1

2n+1 (1− q)n+1
, n ≥ 0. (56)

Now, from the fact that H(1)(q) is also positive definite for 0 < q < 1, then ǔ = H(1)(q) +
λδ is positive definite for 0 < q < 1 and λ > 0. Moreover, thanks to the coefficients of the
q-Riccati equation in (55), we have B(1)(0) = −q, Φ(1)(0) = 1 and qλB(1)(0) + Φ(1)(0) =
−q2λ+ 1. Two cases arise.
. qλB(1)(0) + Φ(1)(0) 6= 0, equivalently λ 6= q−2. From the point (1) of Theorem 1.,
we deduce that for 0 < q < 1 and for all λ > 0, λ 6= q−2, the positive definite form
ǔ = H(1)(q) + λδ is q-Laguerre-Hahn of class š = 2. On the other hand, thanks to (56)
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and put $n(λ, q) :=

(
1 + λ

n∑
k=0

(q2; q2)k
(q3; q2)k

q−k
)
, n ≥ 0, λ > 0, 0 < q < 1, we get for

(27)-(29) and (43)-(44),

τn = q
n(n+1)

2 (q2;q)n
2n (1−q)n , bn = 0, β̌n = 0, n ≥ 0,

d2n = qn(2n+1)(q2;q)2n

22n(1−q)2n $n(λ, q), d2n+1 = q(n+1)(2n+1)(q2;q)2n+1

22n+1(1−q)2n+1 $n(λ, q), n ≥ 0,

γ̌0 = 1 + λ, γ̌2n+2 = 1
2 q

2n+2 [2n+ 3]q
$n+1(λ,q)
$n(λ,q) , n ≥ 0,

γ̌1 = q(1+q)
2(1+λ) , γ̌2n+1 = 1

2 q
2n+1 [2n+ 2]q

$n−1(λ,q)
$n(λ,q) , n ≥ 1,

q−2z2Hq−1(S(ǔ))(z) = −q−1(1− λ(q − 1))−1z2S(ǔ)(z)(hq−1S(ǔ))(z)

−q−2(1− λ(q − 1))−1z(2z2 + λq(1 + q))S(ǔ)(z)

+q−2(1− λ(q − 1))−1(−2(1 + λ)z2 + λ(1− q2λ)).

. qλB(1)(0) + Φ(1)(0) = 0, equivalently λ = q−2. Moreover, it is seen that B(1)(0) = −q 6=
0. Consequently, the first condition in (2) of Theorem 1. is valid and for 0 < q < 1, λ =
q−2, the positive definite form ǔ = H(1)(q) + q−2δ is q-Laguerre-Hahn of class š = 1
satisfying
q−1zHq−1(S(ǔ))(z) = −q(q2 − q + 1)−1zS(ǔ)(z)(hq−1S(ǔ))(z)

−q−1(q2−q+1)−1(2qz2 +1+q)S(ǔ)(z)−2q−2(1+q2)(q2−q+1)−1z.

References

[1] T. S. Chihara, An introduction to orthogonal polynomials, Gordon and Breach, New York, 1978.

[2] M. Foupouagnigni, A. Ronveaux, Difference equation for the co-recursive rth associated orthogonal
polynomials of the Dq-Laguerre-Hahn class, J. Comp. Appl. Math., 153 (2003), 213-223.

[3] A. Ghressi, L. Khériji, M. Ihsen Tounsi, An introduction to the q-Laguerre-Hahn orthogonal q-

polynomials, SIGMA 7 (2011), 092, 20 pages.
[4] L. Khériji, P. Maroni, The Hq-Classical Orthogonal Polynomials, Acta. Appl. Math., 71 (1) ( 2002),

49-115.
[5] L. Khériji, An introduction to the Hq-semiclassical orthogonal polynomials, Methods Appl. Anal.,

10 (3) ( 2003), 387-411.

[6] L. Khériji, P. Maroni. On the natural q-analogues of the classical orthogonal polynomials, Eurasian
Math. J., 4 (2) (2013), 82-103.

[7] F. Marcellán, P. Maroni, Sur l’adjonction d’une masse de Dirac à une forme régulière et semi-
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