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ANALYTICAL ANALYSIS AND GRAPHICAL PRESENTATIONS OF
THREE DIMENSIONAL INFLUENCE FUNCTIONS WITHIN A
THERMOELASTIC HALF-LAYER

VICTOR SEREMET!2 AND ION CRETU!:3

ABSTRACT. This paper is devoted to analytical analysis of the solution for a boundary
value problem given partially in the works: [I8] V. Seremet, A three-dimensional
generalized BVP of thermoelasticity for a layer: Green’s functions and integration
formula, TJMM, vol. 10, no. 2, p. 121-129, 2018 and [19] V. Seremet and I. Cretu,
Three-dimensional influence functions and integration formula for many boundary
value problems within a thermoelastic half-layer, TJMM, vol. 12, no, 1, p. 45-58,
2020. The mentioned above solutions satisfy equations of thermoeasticity and bounda-
ry conditions only, but derived Green’s functions for thermoelastic displacements,
caused by a unit point heat source do not vanish at infinity. Thus, the application
simultaneous of analytical and graphical methods permed us to obtain exact analytical
solutions which vanish at the infinity. In fact, to derive exacts analytical expressions
for main termoelastic displacements Green’s functions (MTDGFs) was necessary to
be omitted in the solutions given in [I8] and [I9] the terms which do not vanish at
infinity without affecting the other main equations. Graphical presentation of derived
exact analytical expressions for a three-dimensional MTDGFs, plotted by using soft
Maple 18 is included.

ABBREVIATIONS

MTDGFs — main thermoelastic displacements Green’s functions;
3D — three dimensional;

BVP — boundary value problem;

GFPE — Green’s function for Poisson equation;

HIRM — harmonic integral representations method;

HIR - harmonic integral representations;

TVD — thermoelastic volume dilatation.

1. INTRODUCTION

As is well known the theory of thermal stresses [I]-[8] is the most used theory for
practical engineering calculations. In the limit of this theory was proposed a new effi-
cient method to solve BVPs of thermoelasticity, called harmonic integral representations
method (HIRM) [9]. This method is based on new approach [I0] and new general har-
monic integral representations (HIR) [II] for main thermoelastic displacements Green’s
functions (MTDGFs) via Green’s functions for Poisson equation (GFPE) [12]. HIRM was
used successfully [13]-[I9] to constructing structural formulas and analytical expressions
for MTDGF's expressed via GFPE for many generalized and particular BVPs of thermo-
elasticity. The mentioned in [I3]-[I9] analytical expressions for solutions (thermoelastic
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displacements) of particular BVPs were derived by using proposed special integration
formulas. These formulas express the searched thermoelastic displacements via integral
from the product of MTDGF's and given on the surfaces thermal boundary conditions,
without preliminary determination of the inner temperature field, as in classical methods
[5],[6]. This paper is devoted to continuation of the research given in the works [18],[19].
Note that made by us analytical and graphical analysis the analytical expressions for
MTDGFs given in the works [I8],[T9] do not vanish at infinity. So, the main objective
of this paper is to obtain exact analytical expressions for MTDGFs within thermoelastic
layer and half-layer by simultaneous using analytical and graphical analysis.

2. MATHEMATICAL FORMULATION OF THE RESEARCH PROBLEM
FOR HALF-LAYER AND ANALYTICAL EXPRESSIONS
FOR MTDGFs GIVEN IN [19]

The BVP to uncoupled thermoelasticity for determining analytical expressions for MT-
DGFs U;(z,€);i = 1,2,3 within the half-layer consists from Lame’s and Poisson’s equa-
tions:

VEGT(Jﬁ,f) = —6(33 - 5)7'/1“ = (131,.’1:2,1'3),§ = (517§2a§3)5

where X and p are Lame constants of elasticity; v = ar(3A 4+ 2u) is the thermoelastic
constant; ar is the coefficient of linear thermal dilatation; ©(x,&) is thermoelastic vol-
ume dilatation (TVD); §(z — &) is delta Dirac function; @ = (x1, 22, x3) is the point of
application of the unit interior heat source; &€ = (&1, €2, £3) is the point in which MTDGFs
U;(x, &) appeared. So the MTDGF's are generated by the unitary inner point heat source
described by Dirac function. In addition on the surface of the half-layer are given suit-
able boundary conditions for normal derivative of temperature GFPE 0Gr(x,y)/Onr,
for MTDGF's U;(x,y);7 = 1,2,3 and thermal stresses o7;(z,y);4,j = 1,2,3, which are
determined by the Duhamel-Newman law [5],[0]:

(1)

055 = wUi; +Uji) +6i5(AO — vGr), (2)

where d;; is the Kronecker’s symbol and Gr is GFPE for temperature.
These suitable mechanical and thermal boundary conditions look as follows (see Figure

[1] also):
US(xvy) = O-;:l(x7y) = U;Q(xay) = O,@Gﬂx,y)/@nrm =0; (3)
r€Viy = (y1,92,0) € o5

- on the boundary half-plane I'sp(0 < y; < 00, —00 < Y2 < 00,y3 = 0),

U3($7y) = O—gl(x7y) = 0§2(x7y) = OaaGT(xvy)/anrsl = 0;
z € Viy = (y1,y2,a3) € I's1;
- on the boundary half-plane I's; (0 < y; < 00, —00 < Y2 < 00,y3 = ag), and

Ul(xay) = O’TQ(mvy) = UT3($,y) = 078GT(‘r’y)/anF10 =0;
T € V7y = (an27y3) € Flo;

- on the boundary strip I'1o(y1 = 0, —00 < y2 < 00,0 < y3 < ag).
The analytical expressions for MTDGF's for BVP - are the following [19]:
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FIGURE 1. The scheme of the half-layer V = (0 < 21 < 00,—00 <
x2 < 00,0 < 23 < a3) with boundary half-planes I'sg, I's; and boundary
strip I'1p, on which are given the homogeneous mechanical locally-mixed
boundary conditions as normal displacements, tangential stresses and

homogeneous external normal derivatives from GFPE for temperature
Gr.

Uiz, &) = 2(%2@ {flb—i- 7%3 l(xl —£&) (hlr — ;Ko(m?") COS 11123 Cos,u1§3>

— (z1+&) <1H7"1 - Z Ko(par1) cos py a3 cos lez&)] } ; (6)

n=1

Ua(@,€) = 555 (€2 — 72)

(A+2p)
X {b - %3 Inrry + 7%3 i [Ko(p1r) 4+ Ko(par1)] cos pixs COSM1§3} ; (7)
Us(z,§) = m
X {53(7“ +7r1)+ i [rKy(pu1r) + r1 Ky (u1r1)] cos py s sin mgg} ; (8)
n=1

- for MTDGFs U;(z,§).
Here, and after here p; = —; b is an arbitrary constant; Ko(u1r) and Ko(p1r1) are
a

3
modified Bessel functions (or cylindrical functions) of the zero-order of the second type,
respectively:
Ki(par) = —0Ko(par)/0(par) and Ki(pir1) = —0Ko(p1r1)/0(p1r1);

r=/(21 — &)+ (w2 — &)%5m = V(1 +&)% + (22 — &)%
Also, for TVD in [19] is given the following analytical expression:

v
+2u

@(w,{“) = 3
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X {b b Inrry + 1 Z [Ko(p1r) + Ko(pir1)] cos paxs cos,ulfg} . (9)
mas Tas el

The analytical and graphical analyses of the MTDGFs and TVD in Eqns. @ - @
showed that their analytical expressions do not vanish at infinity. Thus, the MTDGFs
and TVD in Eqns. (@ - @D are not yet exact solutions for half-layer. So, we have to
find exact expressions for MTDGFs and TVD by using simultaneous the analytical and
graphical analyzes of expressions @ - @

3. EXACT ANALYTICAL EXPRESSIONS FOR MTDGFs AND TVD
WITHIN THERMOELASTIC HALF-LAYER

The analytical and graphical analyses of the MTDGFs and TVD in Equns. @ - @D
showed that they may became exact solutions, if will be omitted the following terms: & b;
In7; Inry - in the Eqn. (6), b — (7a3) ™' Inrry - in the Eqns. (7), (9) and &(r 4+ 1) - in
the Eqn. ().

In fact, to obtain exact analytical expressions for MTDGFs and TVD which vanish at
infinity is necessary to be omitted the terms showed before. In this case the expressions
@ @ will vanish at infinity without affecting the equations (1) - ‘

Thus, after making mentioned omitting in the equations (6)) - (9) they became the
following final exact solutions for thermoelastic half-layer:

Ui(z,§) = % {(51 — 1) lz Ko(par) cos prxs COSME:&]

2maz(A + 2u —
+ (@1 +&1) i Ko(par1) cos pizs COSM1§3] } ; (10)
n=1
Us(e,€) = 5l (Ca — 72)
2maz (A + 2p)
{i Ko(pir) + Ko(piri)] cos pyas cos u1§3} ; (11)
n=1
Us(z,§) = m
X {i [rK1(par) + riKa(pary)] cos p s SiHM1€3} ; (12)
- for MTDGFs, andn:1
O2,6) = — {Z Ko(par) + Ko(piri)] cos pas COSM1£3} (13)
mag (A + 2u) —

- for TVD.

So, analytical expressions - satisfy Eqns. - to BVP of thermoelasticity
and vanish at infinity.

Thus, obtained in this paper analytical expressions - present the final exact
expressions for MTDGFs and TVD within thermoelastic half-layer.

Note that the respective exact analytical expressions for MTDGFs and TVD within a
thermoelastic layer can be obtained from expressions . ) for half-layer, if will be
omitted terms containing distance r;.
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4. GRAPHICAL PRESENTATION OF MTDGFs FOR THERMOELASTIC
HALF-LAYER

Graphs of the thermoelastic displacements Ui(z, ) within the thermoelastic half-layer
V', caused by a unit heat source applied in the point (x = (x1,x2,x3)) were plotted by
using the soft Maple 18 and exact expressions - for MTDGFs at the following
values of the constants: Poisson ratio v = 0, 3; modulus of elasticity E = 2,1 - 10°M Pa
and coefficient of linear thermal dilatation ar = 1,2-1075(K~1).

Graphs of the MTDGFs U, (z, ) in dependence of &1, &3, within the thermoelastic half-
layer V for 0 < & < 10m; & = 0,1m; 0 < &3 < 2m, caused by a unit heat source applied
in the point 1y = 5m, x5 = 0,235 = lm are presented in the Figure 2 (U (z,§) - Figure
Rla); Us(z,€) - Figure [2p) and Us(z, €) - Figure [2c)).

b)

FIGURE 2. Graphs of MTDGFs U;(z, &) within the thermoelastic half-
layer V for 0 < & < 10m; & = 0,1m; 0 < &3 < 2m, caused by a unit
heat source applied in the point 1 = 5m,zs = 0,23 = 1m.



78

VICTOR SEREMET"? AND ION CRETU"?

In the Figure |2| can be observed:

1)
2)

All graphs were plotted by the soft Maple 18;

In the Figure |2 all graphs have jumps in the point z; = dm, 22 = 0,23 = 1m
of application of the unit point heat source. In this point the MTDGFs achieve
maximal values;

All graphs of MTDGFs at infinity vanish;

The graph in the Figure a ) is symmetrical in rapport with the plane {3 = 1m and
asymmetrical in rapport to the planes U; = 0;&; = 5m. The boundary condition
Uy =0 for & =0 is met (see eqn. or Figure [1));

The graph in the Figure b ) is symmetrical in rapport with the planes £&3 = 1m
and & = bm;

The graph in the Figure c ) is symmetrical in rapport with the plane £, = 5m and
asymmetrical in rapport to the planes Us = 0; &3 = 1m. The boundary conditions
Us =0 for {5 = 0 and &3 = 2m are met (see eqns. — or Figure .

¢ [m]
2

FIGURE 3. Graphs of MTDGFs U;(z,&) within the thermoelastic half-
layer V' for & = 5,1m; —10m < & < 10m; 0 < &3 < 2m, caused by a
unit heat source applied in the point 1 = 5m,xo = 0,3 = 1m.
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Graphs of the MTDGFs U;(z, §) in dependence of &2, &3, within the thermoelastic half-
layer V for & = 5,1m; —10m < & < 10m; 0 < &3 < 2m, caused by a unit heat source
applied in the point 1 = bm,xo = 0,23 = 1lm are presented in the Figure |3| (U (x, &) -
Figure [Bla); Us(x,€) - Figure[3p) and Us(x, &) - Figure 3c)).

In the Figure [3| can be observed:

1) All graphs were plotted by the soft Maple 18;

2) In the Figure (3| all graphs have jumps in the point 1 = bm,zo = 0,23 = lm
of application of the unit point heat source. In this point the MTDGFs achieve
maximal values.

3) All graphs of MTDGFs at infinity vanish;

4) The graph in the Figure [3la) is symmetrical in rapport with the planes & = 1m
and & = 0;

5) The graph in the Figure b) is symmetrical in rapport with the plane &3 = 1m
and asymmetrical in rapport to the plane & = 0;

6) The graph in the Figure c ) is symmetrical in rapport with the plane & = 0 and
asymmetrical in rapport to the planes Us = 0;£3 = 1m. The boundary conditions
Us =0 for £&5 = 0 and &3 = 2m are met (see eqns. — or Figure [1)).

5. CONCLUSION

Simultaneous application of the analytical and graphical analysis permitted us to ob-
tain exact MTDGFs and TVD for a BVP of thermoelasticity within half-layer and layer.
The proposed analyzes can be applied to other seven BVPs for thermoelastic half-layer
given in [I9] in order to obtain for them respective exact analytical expressions for MTD-
FGs and TVD.

REFERENCES

[1] Boley, B.A. , Weiner, J.F., Theory of Thermal Stresses, Wiley, New York, 1960.

[2] Kovalenko, A.D., Fundamentals of Thermoelasticity, Naukova Dumka, Kiev, Russian, 1970.

(3] Mayzel, V.M., The Temperature Problem of the Theory of Elasticity, AN SSSR Publisher, Kiev,
1951.

[4] Melan, E., Parkus, H., Thermoelastic Stresses Caused by the Stationary Heat Fields, Fizmatgiz,
Moscow, 1958.

[5] Nowacki, W., The Theory of Elasticity, Mir, Moscow, 1975.

[6] Nowacki, W., Thermoelasticity, Pergamon Press and Polish Science Publishers, Oxford, Warszawa,
1962.

[7] Nowinski, J.L., Theory of Thermoelasticity with Applications, Sijthoff and Noordhoff International
Publishers, Alphen Aan Den Rijn, 1978.

[8] Hetnarski, R.B., Eslami, M.R., Thermal Stresses—Advanced Theory and Applications, Springer,
Dordrecht, 2009.

[9] Seremet, V., A New Efficient Unified Method to Derive New Constructive Formulas and Explicit
Expressions for Plane and Spatial Thermoelastic Green’s Functions, Acta Mechanica, 226 (2015),
1, 211-230.

[10] Seremet, V., A New Approach to Constructing Green’s Functions and Integral Solutions in Ther-
moelasticity, Acta Mechanica, 225 (2014), 3, 737-755.

[11] Seremet, V., Recent Integral Representations for Thermoelastic Green’s Functions and Many Exam-
ples of Their Exact Analytical Expressions, Journal of Thermal Stresses, 37 (2014), 5, 561-584.

[12] Seremet, V.D., Handbook on Green’s Functions and Matrices, WIT Press, Southampton, Boston,
2003.

[13] Seremet, V., Carrera, E., Solution in Elementary Functions to a BVP of Thermoelasticity: Green’s
Functions and Green’s-Type Integral Formula for Thermal Stresses Within a Half-strip, Journal of
Thermal Stresses, 37 (2014), 8, 947-968.

[14] Seremet, V., Wang, H., Thermoelastic Equilibrium of Some Semi-Infinite Domains Subjected to the
Action of a Heat Source, Journal of Thermal Stresses, 38 (2015), 5, 509-525.



80 VICTOR SEREMET!? AND ION CRETU!3

[15] Seremet, V., Wang, H., Two-Dimensional Green’s function for thermal stresses in a semi-layer under
a point heat source, Journal of Thermal Stresses, 38 (2015), 7, 756-774.

[16] Seremet, V., Seremet, D., Steady-state Green’s functions for thermal stresses within rectangular
region under point heat source, Journal of Thermal Stresses, 39 (2016), 8, 906-927.

[17] Seremet, V., A method to derive thermoelastic Green’s functions for bounded domains (on examples
of two-dimensional problems for parallelepipeds), Acta Mechanica, 227 (2016), 12, 3603-3620.

[18] Seremet, V., A Three-Dimensional Generalized BVP of Thermoelasticity for a Layer: Green’s Func-
tions and Integration Formula, Transylvanian Journal of Mathematics and Mechanics, 10 (2018),
2, 121-129.

[19] Seremet, V., Cretu, I., Three-Dimensional Influence Functions and Integration Formulas for Many
Boundary Value Problems Within a Thermoelastic Half-Layer, Transylvanian Journal of Mathemat-
ics and Mechanics, 12 (2020), 1, 45-58.

1 INSTITUTE OF MATHEMATICS AND COMPUTER SCIENCES, ACADEMY OF SCIENCE OF MOLDOVA
LABORATORY OF MATHEMATICAL MODELING

ACADEMIEI STREET 5, MD 2028, CHISINAU, REPUBLIC OF MOLDOVA

Email address: v.seremet@uasm.md

Email address: ioncretu@mail.com

2) AGRARIAN STATE UNIVERSITY OF MOLDOVA

LABORATORY OF GREEN’S FUNCTIONS

MIRCESTI STREET 44, MD 2049, CHISINAU, REPUBLIC OF MOLDOVA
Email address: v.seremet@uasm.md

3) TECHNICAL UNIVERSITY OF MOLDOVA

DEPARTMENT OF CIVIL ENGINEERING AND GEODESY

DAcia AVENUE 41, MD 2060, CHISINAU, REPUBLIC OF MOLDOVA
Email address: ion.cretu@cms.utm.md



	Abbreviations
	1. INTRODUCTION
	2. MATHEMATICAL FORMULATION OF THE RESEARCH PROBLEM FOR HALF-LAYER AND ANALYTICAL EXPRESSIONS   FOR MTDGFs GIVEN IN 19
	3. EXACT ANALYTICAL EXPRESSIONS FOR MTDGFs AND TVD WITHIN THERMOELASTIC HALF-LAYER
	4. GRAPHICAL PRESENTATION OF MTDGFs FOR THERMOELASTIC HALF-LAYER
	5. CONCLUSION
	References

