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ON CERTAIN FAMILY OF MULTIVALENT HARMONIC FUNCTIONS
ASSOCIATED WITH JUNG-KIM-SRIVASTAVA OPERATOR

SHAHRAM NAJAFZADEH

ABSTRACT. New families of harmonic multivalent functions in terms Jung—Kim—
Srivastava integral operator are introduced. Sufficient and necessary conditions for
coefficients are obtained. Also extreme points, distortion bounds and convex combi-
nations are investigated.

1. INTRODUCTION

Suppose H,,,, for fixed p and n (p,n € Z") be the set of all harmonic p—valent and
scene-preserving functions in U = {z € C: |z| < 1} of the type f = h + g, where:

hz)=2"+ > az®,  gla)= > bt (1)
k=n+p k=n+p+1
are analytic in U and |by4p—1] < 1. Also
Hpm = f=h+g:hlz)=2" = D lalz", g(z2)= D [ble", |baspa| <1
k=n+p k=n+p—1

(2)

The Jung-Kim-Srivastava integral operator is defined by:

[ = 2D /0 ’ (106 2) " Pty

2I(o) t
see [5].
If F(z) = 2P+ > apz®, then:
k=n+p
oo 1 o
PF(z)=2"+ Y (p j: 1) ap2®, (3)
k=n+p "
and if

@) =) +g(z) =22+ > lal"+ D IklZ", (baapal <),
k=n+p k=n-+p—1
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be in the class H, », since I is a linear operator, so:

I7f(z) =1°h(2) + I7g(z)

— i (n+1) g2 + Z (511) a2~ (4)

k=n+p k=n+p—1

A function f € H, ,, is said to be member of Hp’n(a, B, A, t), if

Re {(1 ~a-HLE @) (IZ;()Z,))/ Y (IZP()Z,),)H et - aﬂ} >2, )
where 0 < n<p,a>0,0<B8<1,teR, 0< <1 and:
() = () = ip2”,
() = T () = o
(I75() = 55 (17 Fre®)) = i2(17h(=) ~ i=(F92)) )
o

"

= —z(I"h(z))l — 22 (I”h(z))” - z(IUg(z))/ — 22 (I7g(2))".
Also
ﬁ;n(a,ﬂ,)\,t) = {f(z) € Hpn o (5) holds true }

The function f = h + g is scene-preserving in U, if |¢’(2)| < |W'(2)]. See [3] and [7].
Such as these families of harmonic multivalent functions were studied by many authors,
for example see [1, 2] and [4, 6].

2. MAIN RESULTS

In this section, first we give the sufficient condition for f(z) € H; , (a, 8, A, t) and then
we show that this sufficient bound is also necessary for f(z) € ﬁzyn(a, By t).

Theorem 1. Suppose f = h+7, h and g be given by (1) and:

o0

2
> |@+ sk =p-a-p+as) - 2"l
k=n+p
+ Y @+ Bk—p(l—a-B+ap) (7)
k=n+p—1
cp=mm+1)7

)

(p+1)°
then f(z) € H) (o, B, A, 1).
Proof. According to the fact that:
Re{W}Zn= [W+1—n[=[W-1-1]

or equivalently:

Re{W} > p<:>|Wp+p nl = |[Wp—p—nl,



ON CERTAIN FAMILY OF MULTIVALENT HARMONIC FUNCTIONS... 133

and letting:

1°f(2) (I7F(2))" | L (7f(= >)”
L (B et
7 (=) ()"

W =(1-a)l-8) + Ae' — aB,

it is enough to show that:

Wp+p—nl—|Wp-p—-n/>0

But by using (4) and (6), we have:

_ o~ (PH1NT = PHINT, g
[Wp+p —n| = p(l—a)(l—,é’)(l—i— Z (ﬁ) apz" P+ Z (n+1) bz p)+
k=n+p k=n+p—1

= +1Nok s TNk,
+p(a+ﬂ)<1+ Z (5_1_1) ;akzk P Z (z+1> ~bz* p)
k=n+p—1

k=n+p p

it p+1\ok e p+tINok(k—1)
kzn;r n+1/ p? kzn;r n+1 p?

ad p+INTk prINck(k—=1)
+k=7§_1(n+1) pbkz P—f—k_% 1(n+1) 2 bz P

+ Ape —aBp+p—n

and

ok

k o
p+ (ot )k —p) —pad — 2| (2E1) 7 12

Wp—p—nl <n+ Z

ke P n+1
> M2 /p+1y© 2k
X etk -p bpas - () el |5

k=n+p—1

So by using (7), we have:

Wpt+p —nl —[Wp—p—mn|=

—n)n o > 2
L DEAD S @+ ok +p—a =5 +a8) - 2
k=n+p
- > |@+pk-pl-a-p+ap) >0

k=n+p—1

Hence the proof is complete. [l
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Remark 1. The coefficient estimate (7) is sharp for the function:

0o g .
G(z)=2"+ Z —7%
S | (a4 Bk —p(l—a— B +ap) - A
N > wy, gt
bty |+ Bk = p(1 = a = B+af) - 2
where
7 ug| + w =1.
(pn)(n+1)d(k:§_p| k| k:%_l‘ k|)

Theorem 2. Let f =h+G€ Hp,. Then f(2) € gz,n(a,ﬁ,)\,t), if and only if:

> k2
Z (a+ Pk —p(l—a—-B+af) — —/||ak]
k=n+p p (8)
e} 2 _ a
+ Y |+ Bk—pl-a-B+af) - |bk<(p(;’)+(’"§;;”
k=n+p—1

Proof. From Theorem 1, and since ﬁ;’,n(a, By A, t) CH (v, B, A1), it is enough to prove
the “only if” part.

Suppose f(z) € ﬁz7n(a,ﬁ, A, t), thus for z = re? € U, we have:

"

Re{ﬁ—a)u—mpf” PPNt C) SSWALFIO) +)\e“—aﬁ}

g (=) =)
=Rey(-a)-p)(+ 2 () e S () )
k=n+p k=n+p—1
+8 - +1\° _ - +1N\T
B e E 5
c=n+p k=n+p—1
RTINS ol 1) CHCSUII, UES) TR
k=n+p k=n+p
; (pi) Kyt + Zl(ﬁﬂ)a’f(’f—l)bkz” + e’ —ap
0o 2 o
1 Z (a+ Bk — p(l—a—ﬁ-l—a,@’)—& la kl(ij—i) rh=p
k n+
Ak?

(a+pB)k—p(l—a- ﬂ+aﬂ)—7

p+1 Uk,
()
10 n+1 "

1 o0
2
57
p

The above inequality holds for all z € U, so if z = r — 1, we obtain the required result
(8). Hence the proof is complete. O
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3. EXTREME POINTS AND DISTORTION BOUNDS

In this section, we first introduce extreme points of gz,n(a, B, A, t) and then we obtain

distortion bounds for the same functions. In the end we show ﬂ’n(a, B, A, t) is a convex
set.

Theorem 3. f=h+g¢€ ﬁ;n(a,ﬁ, A t) if and only if it can be expressed by:

f(Z) = l'pzp + Z xkhk(z) + Z ykgk(z)v (Z € U)v (9)
k=n+p k=n+p—1
where fork=n+p,n+p+1,...,
hi(z) = 27 — P m)nt 1) o

(p+17((a+B)k—pl—a—p+af) = 2)

)

and fork=n+p—1,n+p,..., we have:

(p—m)(n+1)7 -
(@+ Bk —p(l—a—p+af) — 2

zp 20, Yngp—1 = 0, zp —|—Z;°:n+pa:k + ZZO:n-&-p—l yp =1, 2, 20, yp = 0 and k =
n+pn+p—1,....

gr(2) = 2P +
(p+1)7

Proof. If f be given by (9), then:

N (p—n)(n+1)° i
f(z) == STTkZ
hentp 0+ 1)7 (@4 Bk —p(1 —a — B+ af) — 2=
N S (p—n)(n+1)°

—k
(at Bk —p(l—a—prap) -2

p

k=n+p—1 (p + 1)0

Since by (8), we have:

= (|@+B)k—p(—a-B+ap) - 2| p+1)7
2 (p—n)(n+1)°

k=n+p
y (p—m)(n + 1)7 ||
(p+1)7 |(a+ Bk —p(l—a—B+aB) — 242
Lo (flletpopi-a-pton) - e+
Aot (p—m)(n+1)7
" (p—m)(n+1)7 |yl
(p+1)7|(a+B)k —p(l—a—B+af) - 2=
= Y lml+ DY lml=1-z, <L
k=n+p k=n+p—1

So f(z) € ﬁz’n(a,ﬁ, A t).
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Conversely, suppose f(z) € ﬁzyn(a,ﬂ, A, t). If we consider:

xp:17< i T+ i yk),

k=n-+p k=n+p—1
where
@+ Bk -p-a-p+ap) -2 1)y
e PRI ol
and
@+ )k —p(1—a—+aB) — 2| (p+1)7
e =m0+ 17 -
we get
@) =22 " a0 (bfF
k=n+p k=n+p—1
o = (p—n)(n+1)7 : -
tErto (@ + Bk —p(l—a— B+ aB) — 22| (p+ 1)
. p-mnt1y -
k=n+p—1 ’(OZ—FB)]{I _p(]- — o — B+ O[ﬂ) - %‘ (p+ l)g
=P - Z (zp - hk(z))xk - Z (Zp — gk(z))yk
k=n+p k=n+p—1

k=n+p k=n+p—1 k=n+p k=n+p—1
o oo
=22 + Y aphe(2)+ D> ykgk(2),
k=n+p k=n+p—1

that is the required representation.

Theorem 4. If f(z) € ﬁzﬁn(a,ﬁ,)\,t), |z| = r < 1, then:

|f(z)| > (1 - |bn+p71|74”_1)74p

(p—n)(n+1)7
0+ 1) ((a+ Bk —p(1 — a — § + ap) - 22

(a+ B8)(n+2p—1) - p(1 + ap) — Aere=1l
- |bn+p—1| r

(a+ B)n+p(l+ap) — 7)‘(";”7)2

n-+p

-(X mr X w))#+ X m@nt Y aln

)

(10)
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and
[F () < (14 [bpgpar™ Hr?

N 0 n)n+1)7
(p+1)7 ((a+ﬂ)n+p(1+a5) - A(”TTW) (11)

99— 1) — n(1 _ Antp=1)?
_(04-5‘5)(”4- p ) p( +045))\ i P ‘bn+p71‘ P
(a+ B)n+p(1+ af) — 2tk

Proof. Suppose f(z) € ﬁg,n(a,ﬂ, A, t), then by (8), we have:

o0 oo
F) =122 = > lalF+ D ol
k=n+p k=n+p—1
o0
=|2P + |bn+p71|§n+p_1 - Z (|ak|zk—|— |bk|2k)
k=n+p

> 17— [bpgpoa P

(p—n)(n+1)°
(p+ 1)"((@ + B)n+p(1+af) — Mn%ﬂ”)

( o [((a+6)n+p(1+aﬁ>—W)(wl)“
X
k

|ak]

vt (p=m)(n+1)7

+

(p—n)(n+1)°
n+p—1|
(p—n)(n+1)7
(p+ 1) ((+ B)n+p(1 + ap) — A2l

= [((a+B)k=p(—a=p+ap) -2 )(p+1)°
X(Z { (p—mn+1)7

k=n-+p

((a+Bn+p(1+ap) - 222 ) (p 4 1) ] )
[bg]| 7

= r? — |bn+p71r

|ak]

* w—mn+1)°

prtotl

(p—n)(n+1)7

(p+1)7 ((a + B)n+p(l+ap) — A(nijY")

((a+ﬂ)(n+2p— 1) —p(1+apf) — M%W)(M 1)
(p—n)(n+1)°

(<a+ﬂ>k—p<1—a—ﬂ+a5>—*;fz)wlfw ] k)
L r

2P — |bpgp-1]

X |1—

|bn+p—1 |] e
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ntp-l _ (p—n)(n+1)°
0+ 17 (0 + A)n + p(1L+ ) — 2o

A(n+p—1)2
(4 B)(n+2p—1) - p(1+ap) — === .
- bptp—1|| 7"

(a+ B)n+p(l+apf) — Ln;pf

=7l — ‘bn-&-p—llr

Relation (11) can be proved by using the similar statements. So the proof is complete. [
Finally, we show ﬂz,n(a, B, A\, t) is a convex set.

Theorem 5. If f;(z), j =1,2,..., belongs to ﬁzvn(a,ﬂ, A t), then the function:
F(z) =8 fi(2),
j=1

is also in ﬁzﬁn(mﬂ,)\,t), where f;(z) for j=1,2,... and ) 6; = 1, defined by:

Jj=1
oo oo
fj(z) =2P - Z a;w-zk + Z bkd‘fk.
k=n-+p k=n+p—1

=N . . . L.
In the other words, ’Hpm(a,ﬁ, A t), is closed under convex combination, so it is a convex
set.

Proof. Since f;(z) € ﬁz,n(a,ﬁ,)\,t), so by (8) for j =1,2,..., we have:

') 2
> lle+pk—pl—a-p+aB)— ||,
k=n+p
e O PR () | GV
+k:§+:1)71 (a+ Pk —p(l—a—B+ap) » |br,j| < p+1)°

Also

F(Z) = Zéjf](z) =2P - Z (Zdjaw)zk + Z (Z(Sjbk,j)Ek.
j=1 k=n+p j=1 k=n+p—-1 j=1

Now, according to Theorem 2, we get:

o0

A2 | [ &
> (a+ Bk =pl—a=B+aB) === |3 dar
k=n+p j=1
= Me? | | &
+ > [a+Bk—pl—a-B+aB)——||> b,
k=n+p—1 p J=1
o0 o0 2
=YY" [(a+B)k—p(l—a-B+ap)— ——/|ax,l
j=1 k=n+p
s k2
+ Y @+ Bk—p(l—a—B+aB)——|b;| 36
k=n+p—1
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(p+1)°
(p—n)n+1)7
(p+1)7
Thus F(z) € ﬁz’n(a, B, A, t) and the proof is complete. O

j=1
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