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ESTIMATION OF UPPER BOUNDS INVOLVING KATUGAMPOLA

FRACTIONAL INTEGRALS

MUHAMMAD UZAIR AWAN∗, NOUSHEEN AKHTAR, MUHAMMAD ASLAM NOOR,
MARCELA V. MIHAI, AND KHALIDA INAYAT NOOR

Abstract. The main objective of this article is to give some further generalizations of

Hermite-Hadamard type inequalities via harmonic convex functions. The inequalities
involve Katugampola’s fractional integral. We also give new estimation to upper

bounds essentially using Katugampola’s fractional integrals. Special cases are also

discussed.

1. Introduction and Preliminaries

Convexity in relation with inequalities has attracted many researchers. Many inequal-
ities are direct consequences of the applications of classical convexity. An interesting and
fascinating result in this regard is Hermite-Hadamard’s inequality which is considered as
an equivalent property with convexity. This result reads as:
Let T : [a, b] ⊂ R→ R be an integrable convex function, then

T

(
a+ b

2

)
≤ 1

b− a

b∫
a

T (x)dx ≤ T (a) + T (b)

2
.

For some useful details on generalized convexity and integral inequalities interested readers
are referred to [4, 5, 6]. Recently Iscan [7] introduced the class of harmonic convex
functions, which reads as follows:
A function T : Ω ⊂ R \ {0} → R is said to be harmonic convex function, if

T

(
ab

ta+ (1− t)b

)
≤ (1− t)T (a) + tT (b), ∀a, b ∈ Ω, t ∈ [0, 1].

Iscan also gave a new extension for Hermite-Hadamard type inequality via harmonic
convex functions. Noor et al. [14] generalized the class of harmonic convex functions with
the introduction of harmonic ϕ-convex functions.

Definition 1 ([14]). Let ϕ : [0, 1] ⊆ J → R be a real function. A function T : [a, b] ⊂
R+ → R is said to be harmonically ϕ-convex function, if

T

(
xy

tx+ (1− t)y

)
≤ ϕ(1− t)T (x) + ϕ(t)T (y), ∀x, y ∈ [a, b], t ∈ (0, 1). (1)

Note that for different suitable choices of the real function ϕ(.) in Definition 1, we
have some other classes of harmonic convexity. For example, for ϕ(t) = t, ts, t−s and
for ϕ(t) = 1, we have classical harmonic convex functions, Breckner type of harmonic s-
convex functions, Godunova-Levin type of harmonic s-convex functions and P -harmonic
functions respectively. For some recent studies on harmonic convex functions and its
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generalizations, see [1, 2, 10, 11, 12, 13, 14].
We now recall some concepts from fractional calculus. Classical Riemann-Liouville frac-
tional integrals are defined as:

Definition 2 ([9]). Let T ∈ L1[a, b]. The Riemann-Liouville integrals Jαa+T and Jαb−T of
order α > 0 are defined by

Jαa+T (x) =
1

Γ(α)

x∫
a

(x− t)α−1T (t)dt, x > a,

and

Jαb−T (x) =
1

Γ(α)

b∫
x

(t− x)α−1T (t)dt, x < b,

Sarikaya et al. [15] used Riemann-Liouville integrals and obtained fractional version
of Hermite-Hadamard type inequality via convex functions. Wu et al. [8] using the
techniques of Sarikaya et al. [15] improved the Hermite-Hadamard inequality via harmonic
convex functions for fractional integrals.
Recently Katugampola [3] gave a new generalized approach to fractional integrals.

Definition 3. Let [a, b] ∈ R be a finite interval. Then, the left and right side Katugampola
fractional integrals of order α > 0 are defined by:

%Iαa+T (x) =
%1−α

Γ(α)

x∫
a

t%−1

(x% − t%)1−α
T (t)dt,

and

%Iαb−T (x) =
%1−α

Γ(α)

b∫
x

t%−1

(t% − x%)1−α
T (t)dt,

with 0 < a < b and % > 0 if integrals exist.

Chen et al. [3] improved the Hermite-Hadamard type inequalities via Katugampola
fractional integrals.
For the reader’s convenience, we recall the definitions of the Gamma function Γ(.) and
Beta function B(., .) respectively.

Γ(x) =

∫ ∞
0

e−xtx−1dt,

B(x, y) =

∫ 1

0

tx−1(1− t)y−1 dt.

It is known that [9]

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
.

The integral form of the hypergeometric function is

2F1(x, y; c; z) =
1

B(y, c− y)

∫ 1

0

ty−1(1− t)c−y−1(1− zt)−xdt

for |z| < 1, c > y > 0.
The main motivation of this paper is to derive some new fractional versions of Hermite-
Hadamard like inequalities involving Katugampola fractional integrals via harmonic ϕ-
convex functions. We also discuss some new special cases of the main results.



BOUNDS INVOLVING KATUGAMPOLA FRACTIONAL INTEGRALS 53

2. Results and Discussions

In this section, we obtain our main results. Our first result is a new refinement of
fractional Hermite-Hadamard type inequality via harmonic ϕ-convex functions.

Theorem 1. Let α, % > 0. Let T : [a%, b%]→ R be a positive function with 0 ≤ a < b. If
T is harmonic ϕ-convex function on [a, b], then for ϕ

(
1
2

)
6= 0, we have

1

ϕ
(
1
2

)T ( 2a%b%

a% + b%

)
≤ %αΓ(α+ 1)

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%
)

+ %Iα1
b+

(T ◦W )
( 1

a%
)]

≤ [T (a%) + T (b%)]α%2α−1
1∫

0

tα%−1[ϕ(t%) + ϕ(1− t%)]dt,

where W (x) = 1
x .

Proof. Since T is harmonic ϕ-convex function, then

T
( 2x%y%

x% + y%

)
≤ ϕ

(1

2

)
[T (x%) + T (y%)].

Consider x, y ∈ [a, b], defined by x% = a%b%

(1−t%)a%+t%b% and y% = a%b%

t%a%+(1−t%)b% . Using this in

the above inequality, we get

1

ϕ
(
1
2

)T ( 2a%b%

a% + b%

)
≤ T

(
a%b%

(1− t%)a% + t%b%

)
+ T

(
a%b%

t%a% + (1− t%)b%

)
.

Multiplying both sides of above inequality with tα%−1 and then integrating with respect
to t on [0, 1], we have

1

ϕ
(
1
2

)T ( 2a%b%

a% + b%

) 1∫
0

tα%−1dt

≤
1∫

0

tα%−1T

(
a%b%

(1− t%)a% + t%b%

)
dt+

1∫
0

tα%−1T

(
a%b%

t%a% + (1− t%)b%

)
dt.

This implies

1

α%ϕ
(
1
2

)T ( 2a%b%

a% + b%

)

≤
(

a%b%

b% − a%

)α 
1
a∫

1
b

(
x% − 1

b%

)α−1
T (x%)x%−1dx+

1
a∫

1
b

(
1

a%
− y%

)α−1
T (y%)y%−1dy

 .
Thus

1

α%αϕ
(
1
2

)T ( 2a%b%

a% + b%

)
≤ Γ(α)

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%
)

+ %Iα1
b+

(T ◦W )
( 1

a%
)]
.

(2)
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In order to prove the right hand side of the theorem, we again use the fact that T is
harmonic ϕ-convex function, then

T

(
a%b%

(1− t%)a% + t%b%

)
+ T

(
a%b%

t%a% + (1− t%)b%

)
≤ [T (a%) + T (b%)][ϕ(t%) + ϕ(1− t%)].

Multiplying both sides of above inequality with tα%−1 and then integrating with respect
to t on [0, 1], we have

1∫
0

tα%−1T

(
a%b%

(1− t%)a% + t%b%

)
dt+

1∫
0

tα%−1T

(
a%b%

t%a% + (1− t%)b%

)
dt

≤ [T (a%) + T (b%)]

1∫
0

tα%−1[ϕ(t%) + ϕ(1− t%)]dt.

This implies

Γ(α)

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%
)

+ %Iα1
b+

(T ◦W )
( 1

a%
)]

≤ [T (a%) + T (b%)]%α−1
1∫

0

tα%−1[ϕ(t%) + ϕ(1− t%)]dt. (3)

Combining (2) and (3) and after suitable rearrangements completes the proof. �

We now discuss some special cases of Theorem 1.

Corollary 1. Under the assumptions of Theorem 1, if ϕ(t) = t, then we have the following
known result. For more details, see [11].

T

(
2a%b%

a% + b%

)
≤ %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%
)

+ %Iα1
b+

(T ◦W )
( 1

a%
)]
≤ T (a%) + T (b%)

2
.

Corollary 2. Under the assumptions of Theorem 1, if ϕ(t) = ts, then we have

T

(
2a%b%

a% + b%

)
≤ %αΓ(α+ 1)

2s

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%
)

+ %Iα1
b+

(T ◦W )
( 1

a%
)]

≤ α%2α−1

2s

[
1

α%+ s
+

1

%
B(α, 1 + s)

]
[T (a%) + T (b%)].

The above result is for Breckner type of harmonic s-convex functions. As far as we
concern the result is new in the literature.

Corollary 3. Under the assumptions of Theorem 1, if ϕ(t) = t−s, then we have

T

(
2a%b%

a% + b%

)
≤ 2s%αΓ(α+ 1)

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%
)

+ %Iα1
b+

(T ◦W )
( 1

a%
)]

≤ 2sα%2α−1
[

1

α%− s
+

1

%
B(α, 1− s)

]
[T (a%) + T (b%)].
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The above result is for Godunova-Levin-Dragomir type of harmonic s-convex functions.
As far as we concern the result is new in the literature.

Corollary 4. Under the assumptions of Theorem 1, if ϕ(t) = 1, then we have

1

α%α
T

(
2a%b%

a% + b%

)
≤ Γ(α)

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%
)

+ %Iα1
b+

(T ◦W )
( 1

a%
)]

≤ 2%α−1

α%
[T (a%) + T (b%)]%α−1.

The above result is for harmonic P -convex functions. As far as we concern the result
is new in the literature.
The following is a new generalized fractional integral identity. This identity will serve as
an auxiliary result for the rest of results. While writing this paper we came to know that
the similar identity has been obtained by Mumcu et al. [11] independently. So we skip
the proof of the result as readers can find it in the said reference.

Lemma 1. Let T : [a%, b%] → R be a differentiable function on (a%, b%). Then following
fractional integral identity holds:

T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]

=
%a%b%(b% − a%)

2

1∫
0

[t%α − (1− t%)α]t%−1

(t%a% + (1− t%)b%)2
T ′
(

a%b%

t%a% + (1− t%)b%

)
dt,

where W (x) = 1
x .

Now using Lemma 1, we derive following results.

Theorem 2. Let T : [a%, b%] → R be a differentiable function on (a%, b%). If |T ′|q is
harmonic ϕ-convex function, where q ≥ 1, then∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2
Ψ

1− 1
q

1 (a, b; %, α)

×

 1∫
0

G(a, b; %α)[ϕ(1− t%)|T ′(a%)|q + ϕ(t%)|T ′(b%)|q]dt


1
q

,

where G(a, b; %α) := [t%α−(1−t%)α]t%−1

(t%a%+(1−t%)b%)2 .

Proof. Using Lemma 1 and taking modulus on both sides, we have∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
=

∣∣∣∣∣∣%a
%b%(b% − a%)

2

1∫
0

[t%α − (1− t%)α]t%−1

(t%a% + (1− t%)b%)2
T ′
(

a%b%

t%a% + (1− t%)b%

)
dt

∣∣∣∣∣∣ .
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Using the property of modulus, we have∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2

1∫
0

|t%α − (1− t%)α||t%−1|
(t%a% + (1− t%)b%)2

∣∣∣∣T ′( a%b%

t%a% + (1− t%)b%

)∣∣∣∣dt.
Utilizing power mean inequality and the fact that |T ′| is harmonic ϕ-convex function, we
have∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2

 1∫
0

|t%α − (1− t%)α||t%−1|
(t%a% + (1− t%)b%)2

1− 1
q

×

 1∫
0

[t%α − (1− t%)α]t%−1

(t%a% + (1− t%)b%)2
[ϕ(1− t%)|T ′(a%)|q + ϕ(t%)|T ′(b%)|q]dt


1
q

=
%a%b%(b% − a%)

2
Ψ

1− 1
q

1 (a, b; %, α)

×

 1∫
0

[t%α − (1− t%)α]t%−1

(t%a% + (1− t%)b%)2
[ϕ(1− t%)|T ′(a%)|q + ϕ(t%)|T ′(b%)|q]dt


1
q

,

where

Ψ1(a, b; %, α) =

1∫
0

|t%α − (1− t%)α||t%−1|
(t%a% + (1− t%)b%)2

=
b−2%

%(α+ 1)

[
2F1

(
2, α+ 1;α+ 2; 1− a%

b%

)
+ 2F1

(
2, 1;α+ 2; 1− a%

b%

)]
.

(4)

�

Now we shall discuss some special cases of Theorem 2.
I. If we take ϕ(t) = t in Theorem 2, then we get Theorem 3.1 [11].
II. If we take ϕ(t) = ts in Theorem 2, then we get a new result for Breckner type harmonic
s-convex functions.

Corollary 5. Let T : [a%, b%] → R be a differentiable function on (a%, b%). If |T ′|q is
Breckner type of harmonic s-convex function, where q ≥ 1, then∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2
Ψ

1− 1
q

1 (a, b; %, α) (G1(a, b; %, α)|T ′(a%)|q +G2(a, b; %, α)|T ′(b%)|q)
1
q ,
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where Ψ1(a, b; %, α) is given by (4),

G1(a, b; %, α) :=

1∫
0

[t%α − (1− t%)α]t%−1(1− t%)s

(t%a% + (1− t%)b%)2

=
b−2%

%

{
B(1 + α, 1 + s) 2F1

(
2, α+ 1; 2 + α+ s; 1− a%

b%

)
+B(1, 1 + α+ s) 2F1

(
2, 1; 2 + α+ s; 1− a%

b%

)}
and

G2(a, b; %, α) :=

1∫
0

[t%α − (1− t%)α]t%−1t%s

(t%a% + (1− t%)b%)2

=
b−2%

%

{
B(1 + α+ s, 1) 2F1

(
2, 1 + α+ s; 2 + α+ s; 1− a%

b%

)
+B(1 + s, 1 + α) 2F1

(
2, 1 + s; 2 + α+ s; 1− a%

b%

)}
.

III. If we take ϕ(t) = t−s in Theorem 2, then we get a new result for Godunova-Levin-
Dragomir type harmonic s-convex functions.

Corollary 6. Let T : [a%, b%] → R be a differentiable function on (a%, b%). If |T ′|q is
Godunova-Levin-Dragomir type of harmonic s-convex function, where q ≥ 1, then∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2
Ψ

1− 1
q

1 (a, b; %, α) (G3(a, b; %, α)|T ′(a%)|q +G4(a, b; %, α)|T ′(b%)|q)
1
q ,

where Ψ1(a, b; %, α) is given by (4),

G3(a, b; %, α) :=

1∫
0

[t%α − (1− t%)α]t%−1(1− t%)−s

(t%a% + (1− t%)b%)2

=
b−2%

%

{
B(1 + α, 1− s) 2F1

(
2, α+ 1; 2 + α− s; 1− a%

b%

)
+B(1, 1 + α− s) 2F1

(
2, 1; 2 + α− s; 1− a%

b%

)}
and

G2(a, b; %, α) :=

1∫
0

[t%α − (1− t%)α]t%−1t−%s

(t%a% + (1− t%)b%)2

=
b−2%

%

{
B(1 + α− s, 1) 2F1

(
2, 1 + α− s; 2 + α− s; 1− a%

b%

)
+B(1− s, 1 + α) 2F1

(
2, 1− s; 2 + α− s; 1− a%

b%

)}
.

IV. If we take ϕ(t) = 1 in Theorem 2, then we get a new result for harmonic P -convex
functions.
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Corollary 7. Let T : [a%, b%] → R be a differentiable function on (a%, b%). If |T ′|q is
harmonic P -convex function, where q ≥ 1, then

∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2
Ψ1(a, b; %, α) (G1(a, b; %, α)|T ′(a%)|q +G2(a, b; %, α)|T ′(b%)|q)

1
q ,

where Ψ1(a, b; %, α) is given by (4).

Theorem 3. Let T : [a%, b%] → R be a differentiable function on (a%, b%). If |T ′|p is
harmonic ϕ-convex function, where 1

p + 1
q = 1, q > 1, then

∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2

(
M1(a, b; %;α)

1
p +M2(a, b; %;α)

1
p

)
×

 1∫
0

[ϕ(1− t%)|T ′(a%)|q + ϕ(t%)|T ′(b%)|q]dt


1
q

.

Proof. Using Lemma 1 and taking modulus on both sides, we have

∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
=

∣∣∣∣∣∣%a
%b%(b% − a%)

2

1∫
0

[t%α − (1− t%)α]t%−1

(t%a% + (1− t%)b%)2
T ′
(

a%b%

t%a% + (1− t%)b%

)
dt

∣∣∣∣∣∣ .

Using the property of modulus, we have

∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2

1∫
0

[t%α − (1− t%)α]t%−1

(t%a% + (1− t%)b%)2

∣∣∣∣T ′( a%b%

t%a% + (1− t%)b%

)∣∣∣∣dt.



BOUNDS INVOLVING KATUGAMPOLA FRACTIONAL INTEGRALS 59

Utilizing Hölder’s inequality and the fact that |T ′| is harmonic ϕ-convex function, we have

∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2


 1∫

0

t%αptp(%−1)

(t%a% + (1− t%)b%)2p
dt


1
p

×

 1∫
0

[ϕ(1− t%)|T ′(a%)|q + ϕ(t%)|T ′(b%)|q]dt


1
q

+

 1∫
0

(1− t%)αptp(%−1)

(t%a% + (1− t%)b%)2p
dt


1
p
 1∫

0

[ϕ(1− t%)|T ′(a%)|q + ϕ(t%)|T ′(b%)|q]dt


1
q


=
%a%b%(b% − a%)

2

(
M1(a, b; %;α)

1
p +M2(a, b; %;α)

1
p

)
×

 1∫
0

[ϕ(1− t%)|T ′(a%)|q + ϕ(t%)|T ′(b%)|q]dt


1
q

,

where

M1(a, b; %;α) =

1∫
0

t%αptp(%−1)

(t%a% + (1− t%)b%)2p
dt

= b−2p%
(
αp+ p+

1− p
%

)
2F1

(
2p, αp+ p+

1− p
%

;αp+ p+ 1 +
1− p
%

; 1− a%

b%

)
,

(5)

and

M2(a, b; %;α) =

1∫
0

(1− t%)αptp(%−1)

(t%a% + (1− t%)b%)2p
dt

=
b−2p%

B
(
%p−p+1

p , αp+ 1
) 2F1

(
2p,

%p− p+ 1

%
;αp+ p+ 1 +

1− p
%

; 1− a%

b%

)
.

(6)

This completes the proof. �

Now we shall discuss some special cases of Theorem 3.
I. If we take ϕ(t) = t in Theorem 3, then we get Theorem 3.3 [11].
II. If we take ϕ(t) = ts in Theorem 3, then we get a new result for Breckner type harmonic
s-convex functions.
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Corollary 8. Let T : [a%, b%] → R be a differentiable function on (a%, b%). If |T ′|p is
Breckner type of harmonic s-convex, where 1

p + 1
q = 1, q > 1, then∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2

(
M1(a, b; %;α)

1
p +M2(a, b; %;α)

1
p

)
×
(

1

%
B
(1

%
, s+ 1

)
|T ′(a%)|q +

1

%s+ 1
|T ′(b%)|q

) 1
q

,

where M1(a, b; %;α)
1
p and M2(a, b; %;α)

1
p are given by (5) and (6) respectively.

III. If we take ϕ(t) = t−s in Theorem 2, then we get a new result for Godunova-Levin-
Dragomir type harmonic s-convex functions.

Corollary 9. Let T : [a%, b%] → R be a differentiable function on (a%, b%). If |T ′|p is
Godunova-Levin-Dragomir type of harmonic s-convex, where 1

p + 1
q = 1, q > 1, then∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2

(
M1(a, b; %;α)

1
p +M2(a, b; %;α)

1
p

)
×
(

1

%
B
(1

%
, 1− s

)
|T ′(a%)|q +

1

%+ 1− s
|T ′(b%)|q

) 1
q

,

where M1(a, b; %;α)
1
p and M2(a, b; %;α)

1
p are given by (5) and (6) respectively.

IV. If we take ϕ(t) = 1 in Theorem 2, then we get a new result for harmonic P -convex
functions.

Corollary 10. Let T : [a%, b%] → R be a differentiable function on (a%, b%). If |T ′|p is
harmonic P -convex, where 1

p + 1
q = 1, q > 1, then∣∣∣∣T (a%) + T (b%)

2
− %αΓ(α+ 1)

2

(
a%b%

b% − a%

)α [
%Iα1

a−
(T ◦W )

( 1

b%

)
+ %Iα1

b+
(T ◦W )

( 1

a%

)]∣∣∣∣
≤ %a%b%(b% − a%)

2

(
M1(a, b; %;α)

1
p +M2(a, b; %;α)

1
p

)
(|T ′(a%)|q + |T ′(b%)|q)

1
q ,

where M1(a, b; %;α)
1
p and M2(a, b; %;α)

1
p are given by (5) and (6) respectively.

3. Conclusion

A new approach using Katugampola fractional integrals has been utilized in obtaining
Hermite-Hadamard like inequalities via harmonic ϕ-convexity. New and known special
cases of the main results have also been discussed in detail. We hope that the ideas and
techniques of the paper will inspire interested readers.

Acknowledgment

Authors are thankful to anonymous referee for his/her valuable suggestions. Authors
are also thankful to Prof Dr Gabriela Cristescu for her kind invitation. This research
is supported by HEC NRPU project titled: ”Inequalities via convex functions and its
generalizations” and No: 8081/Punjab/NRPU/R&D/HEC/2017.



BOUNDS INVOLVING KATUGAMPOLA FRACTIONAL INTEGRALS 61

References

1. M. U. Awan, M. A. Noor, M. V. Mihai, K. I. Noor, Some fractional extensions of trapezium inequal-

ities via coordinated harmonic convex functions, J. Nonlinear Sci. Appl., 10 (2017), 1714-1730.
2. M. U. Awan, M. A. Noor, M. V. Mihai, K. I. Noor, A. G. Khan, Some new bounds for Simpson’s rule

involving special functions via harmonic h-convexity, J. Nonlinear Sci. Appl., 10 (2017), 1755-1766.

3. H. Chen, U. N. Katugampola, Hermite-Hadamard and Hermite-Hadamard-Fejer type inequalities for
generalized fractional integrals, J. Math. Anal. Appl., 446(2), 1274-1291, (2017).

4. G. Cristescu, L. Lupsa, Non-connected Convexities and Applications, Kluwer Academic Publishers,

Dordrecht, Holland (2002).
5. G. Cristescu, M. A. Noor, M. U. Awan, Bounds of the second degree cumulative frontier gaps of

functions with generalized convexity, Carpath. J. Math., 31(2), (2015), 173-180.
6. S. S. Dragomir, C. E. M. Pearce, Selected topics on Hermite-Hadamard inequalities and applications,

RGMIA Monographs, Victoria University, (2000).

7. I. Iscan, Hermite-Hadamard type inequalities for harmonic convex functions. Hacettepe J. Math.
Stat. 43(6), 935-942, (2014).

8. I. Iscan, S.-H.Wu, Hermite-Hadamard type inequalities for harmonically convex functions via frac-

tional integrals, Appl. Math. Comput., 238 (2014), 237-244.
9. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional Differential Equa-

tions, Elsevier B.V, Amsterdam, Netherlands, 2006.

10. M. V. Mihai, M. A. Noor, K. I. Noor, M. U. Awan, Some integral inequalities for harmonic h-convex
functions involving hypergeometric functions, Appl. Math. Computation, 252 (2015), 257-262.
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