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ESTIMATION OF UPPER BOUNDS INVOLVING KATUGAMPOLA
FRACTIONAL INTEGRALS
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ABSTRACT. The main objective of this article is to give some further generalizations of
Hermite-Hadamard type inequalities via harmonic convex functions. The inequalities
involve Katugampola’s fractional integral. We also give new estimation to upper
bounds essentially using Katugampola’s fractional integrals. Special cases are also
discussed.

1. INTRODUCTION AND PRELIMINARIES

Convexity in relation with inequalities has attracted many researchers. Many inequal-
ities are direct consequences of the applications of classical convexity. An interesting and
fascinating result in this regard is Hermite-Hadamard’s inequality which is considered as
an equivalent property with convexity. This result reads as:

Let T : [a,b] C R — R be an integrable convex function, then

P (520 < 7 [ rayae < TOETO)

a

For some useful details on generalized convexity and integral inequalities interested readers
are referred to [4, 5, 6]. Recently Iscan [7] introduced the class of harmonic convex
functions, which reads as follows:

A function T: Q@ C R\ {0} — R is said to be harmonic convex function, if

r <m+(a1b_t)b> < (1—t)T(a) +tT(b), Va,beQ,tel0,1]

Iscan also gave a new extension for Hermite-Hadamard type inequality via harmonic

convex functions. Noor et al. [14] generalized the class of harmonic convex functions with
the introduction of harmonic ¢-convex functions.

Definition 1 ([14]). Let ¢ : [0,1] C J — R be a real function. A function T : [a,b] C
Ry — R is said to be harmonically @-convex function, if

T (Mf’_t)y) < o1 = HT(2) + p(OT(y), Yoy €lablte©1). (1)

Note that for different suitable choices of the real function ¢(.) in Definition 1, we
have some other classes of harmonic convexity. For example, for p(t) = t,¢°,¢t7° and
for p(t) = 1, we have classical harmonic convex functions, Breckner type of harmonic s-
convex functions, Godunova-Levin type of harmonic s-convex functions and P-harmonic
functions respectively. For some recent studies on harmonic convex functions and its
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generalizations, see [1, 2, 10, 11, 12, 13, 14].
We now recall some concepts from fractional calculus. Classical Riemann-Liouville frac-
tional integrals are defined as:

Definition 2 ([9]). Let T' € Li[a,b]. The Riemann-Liouville integrals J&.T and J“ T of
order a > 0 are defined by

x

;T@ﬁ:féa/@%¢V”T@Mm z>a,

a

and
b

1 a—1
)/u—m) T()dt, = <b,

JoT(z) = (o)

x
Sarikaya et al. [15] used Riemann-Liouville integrals and obtained fractional version
of Hermite-Hadamard type inequality via convex functions. Wu et al. [8] using the
techniques of Sarikaya et al. [15] improved the Hermite-Hadamard inequality via harmonic
convex functions for fractional integrals.
Recently Katugampola [3] gave a new generalized approach to fractional integrals.

Definition 3. Let [a,b] € R be a finite interval. Then, the left and right side Katugampola
fractional integrals of order o > 0 are defined by:

11—« o—1
o1, T(z) = 2 / t T(t)dt,

and

eI T(z) = 13(;(;/( " pyar,

with 0 < a < b and o > 0 if integrals exist.

Chen et al. [3] improved the Hermite-Hadamard type inequalities via Katugampola
fractional integrals.
For the reader’s convenience, we recall the definitions of the Gamma function I'(.) and
Beta function B(.,.) respectively.

F(x):/ et tdt,
0

1
B(x,y):/ t* (1 —t)v~1 at.
0

It is known that [9]

L(z)I(y)

Bla,y) = —2—Y)
(z,y) T +y)

The integral form of the hypergeometric function is

1 1
— = [ -V — 2t) R

2F1(7,y5052) =
for |z|] < 1,e >y > 0.
The main motivation of this paper is to derive some new fractional versions of Hermite-
Hadamard like inequalities involving Katugampola fractional integrals via harmonic ¢-

convex functions. We also discuss some new special cases of the main results.
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2. RESULTS AND DISCUSSIONS

In this section, we obtain our main results. Our first result is a new refinement of
fractional Hermite-Hadamard type inequality via harmonic ¢-convex functions.

Theorem 1. Let a,0 > 0. Let T : [a?,b°] — R be a positive function with 0 < a <b. If
T is harmonic p-convex function on [a,b], then for gp( ) # 0, we have

1 2a2b?
0 ()

ohe
< 0°T(a+1) (bf_b

“ (07 1 « ]‘
Q) {Qfl(ToW)(bg)+@Ib£r(ToW)(ag)
1
< [T(a®) + T(b9)]ao®*~ 1/t“9 Hp(t?) + (1 —t2)]dt,
0

where W (z) = L.

x

Proof. Since T is harmonic y-convex function, then

(250 < o(5) @) + 7))

x@+y@

a®b?

Teart(1—te)be - Using this in

Consider z,y € [a,b], defined by z¢ = 0 a’b? and y¢ =

((EDr=
the above inequality, we get

1 2a2b° a?b? a?b?
— 1T —— | T +T .
o(3) a® + be (1 —te)ae + tobe teae + (1 — to)be
Multiplying both sides of above inequality with t*¢~! and then integrating with respect
to t on [0, 1], we have

1
1 epe
1 ( ¢ >/t°‘91dt
o(3) \a2+be )

1 1
ope alb?
< | teemir a dt /tag It dt.
*/ ((1—t9)a9+t9b9> N feat 1 (1 i2)be
0 0

This implies

1 T(2a9b9>
agp(z) \a?+be

1 1

acbe “l T e 1 o o) p0—1 1 4 o 0),0—1
< e —ae ¢~ 5 T(x%)x? dx + P T(y?)y° "dy

Thus

— )T< ) <@ () [er@wemi() + 213, e w) ()

(SIS

(2)
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In order to prove the right hand side of the theorem, we again use the fact that T is
harmonic ¢-convex function, then

T(( a’h? )+T( avh? )s[T(a@)+T(b@>][¢(t0>+¢<1—t@>l.

1 —te)ae + tebe tea + (1 — te)be

Multiplying both sides of above inequality with t*¢~! and then integrating with respect
to t on [0, 1], we have

1 1
ope albl
tee=1p a dt /to‘g_lT dt
/ ((1 — t0)ae + t@b@) + teae + (1 —te)be
0 0

< [T(a®) + T(9) / 1901 (19) 4 (1 — 12)]dt.

This implies

F(a)( ath? >a [Qljl_(ToW)(blgh Qlc’l(ToW)(l)}

be —a? oF a?
1
< [T(a®) + T(09)]e* " /tag_l[w(fg) + (1 —t9)]dt. 3)
0
Combining (2) and (3) and after suitable rearrangements completes the proof. O

We now discuss some special cases of Theorem 1.

Corollary 1. Under the assumptions of Theorem 1, if p(t) = t, then we have the following
known result. For more details, see [11].

T< 2a2b° >
a? + be
0°T(a+1) T(a?) + T(b?)

< abe \ ¢ ey (ToW)(i)—i-QIal (ToW)(i) </ 2
- 2 be — a® o be 32 a?’ | — 2 '

Corollary 2. Under the assumptions of Theorem 1, if o(t) = t°, then we have

T( 2a2b )
a? + be

0°T(a+1) ( a®b?

2s be — a®
200—1
< Qe 1
- 25 ap+ s
The above result is for Breckner type of harmonic s-convex functions. As far as we
concern the result is new in the literature.

bt a

>a {QI?(TOW)(;Q) + QIOQ(TOW)(lg)}

+ %B(a, 1+ s)] [T(a) + T(5°)).

Corollary 3. Under the assumptions of Theorem 1, if p(t) = t—*, then we have

T( 2a2b° )
al + be

< 2%°0°T(a+ 1) (

a®b?
be — qe

L 4 éB(a, 1- s)} [T(a®) + T(b°)].

) [ @emp) + e e ()

a?

S 250%720471 |:
ap— S
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The above result is for Godunova-Levin-Dragomir type of harmonic s-convex functions.
As far as we concern the result is new in the literature.

Corollary 4. Under the assumptions of Theorem 1, if p(t) = 1, then we have

1T( 2a2b° )
op® a? + be

<I'(a) <bgag_bzg> [QI'}(TOW)(;Q) + QI%(TOW)(é)
< 2Qa71 [T(CLQ) + T(bg)]goﬁl

aQ
The above result is for harmonic P-convex functions. As far as we concern the result
is new in the literature.
The following is a new generalized fractional integral identity. This identity will serve as
an auxiliary result for the rest of results. While writing this paper we came to know that
the similar identity has been obtained by Mumcu et al. [11] independently. So we skip
the proof of the result as readers can find it in the said reference.

Lemma 1. Let T : [a2,b%] — R be a differentiable function on (a2,b2). Then following
fractional integral identity holds:

T(a®) +T(1?)  o°T(a+1) ( abe >a {

2 2 be — ae
1

Qagbg / [tex — o) ]tg_lT’ alb? &
tege + 1 — t9)he)2 tea? + (1 — te)be ’

0

in(ToW)(big) n Qlﬁ(ToW)(lQ)}

a— b+ a

where W (z) = =
Now using Lemma 1, we derive following results.

Theorem 2. Let T : [a2,b%] — R be a differentiable function on (a®,b2). If |T']7 is
harmonic p-convex function, where ¢ > 1, then

T et () ) ()]

2 2 a

epe(pe — g2 _1
<70 (2 Dyl (b ora)

1

x /G(a,b; ea)[p(1 = t2)[T"(a®)|* + ()T (0%)|"]de |
0

where G(a, b; pa) := %

Proof. Using Lemma 1 and taking modulus on both sides, we have
T(a®) +T1%) o°T(a+1) [ a2 \“ 070 1 070 1
‘ s () [T @em () + 1@ emn()
1
0a®be( b‘—’ —a?) [ [tex — (1 —to)a]tet a?b?
= T dt| .
(tea? + (1 — te)be)? teae 4+ (1 — te)be

0




56 M. U. AWAN, N. AKHTAR, M. A. NOOR, M. V. MIHAI, AND K. I. NOOR

Using the property of modulus, we have

L IO SRt () ors row) () + o1, o ()]

2 2 be — a?
a?b®
T dt.
(=)

Utilizing power mean inequality and the fact that |7”| is harmonic ¢-convex function, we
have

‘T(ag) +T(b) _ °T(a+1) (bgag_bigy [ezjg(ToW)(blg) - Ql‘g(ToW)(lg)H

0a2b?( b@-a@ /|tw— (1 — te)e|jee ]
= tea? 1 (1 — t2)be)2

2 2 a
1—1

1
_ 0a®be(b? — a?) / e o |
= 2 (tea? 1 (1 — t0)be)?

Q-

o __ _ 1o0\alro—1
x / [(ttgaa _~(_1(1 i ZQ)];;Q)Q [80(1 — t9)|T'(a9)|q + 90(t9)|T/(b9)|q]dt

QaQbQ(bQ - ag)\plf—(a b0, 0)
1 I

Q=

/ t::a;+1 Ii)g)]f,i); [p(1 —2)|T"(a®)|? + (t9)|T"(09)|*]dt |
0

where
[ e = (1= t2)2jte~"|
tee _ (1 — o)o|pe-
U, (a, b; -
ia,bie) (teae + (1 — te)be)?
b>e 1; 1— 1 @
_M[2§1<2 a+1;a+2; he )+2$1(2, Ta+ 2, bé’)]
(4)
0

Now we shall discuss some special cases of Theorem 2.
I. If we take (t) =t in Theorem 2, then we get Theorem 3.1 [11].
II. If we take (t) = t° in Theorem 2, then we get a new result for Breckner type harmonic
s-convex functions.

Corollary 5. Let T : [a?,b°] — R be a differentiable function on (a2,b?). If |T'|9 is
Breckner type of harmonic s-convex function, where ¢ > 1, then

T(a?) +T(b¢) ¢°T(a+1) ( atb? ) [@Iﬁ(ToW)(blﬁ,) + "Ifg(T"W)(;a)H

2 2 b2 — a?

ohe(pe — _1
SQab(b )‘1’1
2

Q=

“(a,b; 0, @) (Ga(a, bs 0, )| T'(a®)|? + Ga(a, b; 0, )| T" (b)) 7 ,
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where Uy (a, b; 0, ) is given by (4),

1
[tee — te)oJte=1(1 —to)s
Gi(a,b; =
(a,b; 0, / tQaQ + (1 —te)be)?
0
529 a?
{(1+a1+s)251< a+L2+a+s1— b@)
CL'Q
+B(1,1+a+s)2&1(2,1;2+a+s;1—bg)}
and
i o )]g 110
tOéi atfts
Ga(a,b;
o = [
0

b29

Q

{ 1+ a+s, 1)231<21+a+52+a+51 b9>
o

+B(1+ 5,1+ a)251 (2 1+s24+a+s;1— Z@)}

IIT. If we take ¢(t) = ¢t~*° in Theorem 2, then we get a new result for Godunova-Levin-
Dragomir type harmonic s-convex functions.

Corollary 6. Let T : [a?,b°] — R be a differentiable function on (a2,b2). If |T'|9 is
Godunova-Levin-Dragomir type of harmonic s-convez function, where ¢ > 1, then

T L T0 Ot D () Jermwew() + 1 o w(3)]|

alb(be — q@) 1-1 1
= %‘1’1 “(a,b; 0, @) (Gs(a, bs 0, )| T"(a®)|? + Ga(a, b; 0, ) [T (b)) 7 ,
where Wy (a, b; 0, ) is given by (4),
1
[t — (1 —to)2]te=1(1 —te)~s
Gs(a, b;
(@500 / (t2a2 + (1 — 12)be)?
0
b 2 al
{ 1+ a,1—35)2%1 <2,a—|—1;2—|—a—s;1—b9>
0
+B(1,1+a—8)231 <2,1;2+O¢—S;1—ZQ>}
and
/ 4 te)«|te 14—e
t [e3 [ t - t* S
Ga(a,b;
(a,b; 0, / t9a9+ 1—t9)b9)
0
b 2e a?
{ (I+a-—s,1)2%1 <2,1+a—5;2+a—5;1— b9>

0
+B(1—s,1+a)2%1 (2,1—5;2—&—0{—8;1—29)}.

IV. If we take ¢(t) = 1 in Theorem 2, then we get a new result for harmonic P-convex
functions.
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Corollary 7. Let T : [a?,b°] — R be a differentiable function on (a2,b?). If |T'|9 is
harmonic P-convex function, where ¢ > 1, then

T@) +700) _ T+ (bjg_big)a [“’f? (o W) (5g) + 13 (T W>(a1)] ‘

0a2b2 (b2 — a?)
- 2

1
q

Uy(a,b; 0, @) (Gr(a,b; 0,0)|T"(a?)|* + Ga(a, b; 0, 0)[T"(0%)|7)

where Uy (a,b; o, ) is given by (4).

Theorem 3. Let T : [a%,b%] — R be a differentiable function on (a2,b°). If |T'|P is
harmonic p-convex function, where % + % =1, q>1, then

T(a?) + T(b?)  ¢°T(a+1) ( acbe )a [em (ToW)(bi) + QIOE(TO"V)(IQ)H

2 2 be — a?¢ a e v+ a
_ 0a2b2 (b2 — a?)

< 5 (Ml(a,b; 0; )7 + Ms(a,b; o a)P)

1
[l =@+ oty @)
0

Proof. Using Lemma 1 and taking modulus on both sides, we have

2 2 be —ae a?
1

0a®be( bg —a®) [ [te™ — (1 —to)*eet a®be
= T dt|.
(teae + (1 — te)be)? tea? + (1 — to)be

T(a®) + T(#*)  *T(a+1) ( ot ) [“’I?<TOW>(;@) + “’IZUTOW)(I)H

0

Using the property of modulus, we have

T(a?) + T(b?)  ¢°T(a+1) (b““’bg ) [@I§<T°W>(blg) * “’IZUTOW)(I)H

2 2 e — q@ a?
; ope
T a4 dt.
t2a? + (1 — 12)be

_ 0a?he( befa@ / [tee — (1 — te)ate!
= t2a® + (1 — to)be)?

0
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Utilizing Holder’s inequality and the fact that |7”] is harmonic p-convex function, we have

R D () [ o () ¢ ry ()]

1
P

dt

0a2b2(b? — a®) / teap¢p(e—1)
< -~ = 7
- 2 / (teae + (1 — to)be)?r

1 q

< | [let =@l ez @)

0

tea? + (1 — t2)be)2r

1 p 1
(1_tg)aptp(g_l) __ 40 ()2 14 ' (H2) |4
4 O/( ar O/W 19)[T7 ()7 + (1) [T (b2) ]

ope(pe — g° 1 z
_ 0a?be(b? —a?) (Mi(a,b;.00)% + Ma(a,bi 05 0) 7 )

2
1 g
Jlet= ez @i+ peoronpa |
0
where
1
b tecpyp(e—1) q
t
(a,b; 0; / tea? + (1 — te)be)2p
0
1— 1-— 1—
=bre <ap+p+ Qp> 231 <2p,ozp+p+ Tp;apﬂﬂr 1+ Tp;
(5)
and
1
b —12) apyp(e—1)
(a,8; 050 / teae 1 (1 t2)be)2p
0
b=2pe op—p+1 1—p a9>
= 2p, S japtp+ 1+ —1— — ).
B(gpfp”l,ap—f— 1) 251 ( p 0 prp 0 be
(6)
This completes the proof. (I

Now we shall discuss some special cases of Theorem 3.
I. If we take (t) =t in Theorem 3, then we get Theorem 3.3 [11].
II. If we take ¢(t) = t° in Theorem 3, then we get a new result for Breckner type harmonic
s-convex functions.
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Corollary 8. Let T : [a?,b°] — R be a differentiable function on (a2,b2). If |T'|P is
Breckner type of harmonic s-convex, where % + % =1,q>1, then

M) PO Mot ) (N Torn row (i) + 21, o w) (5]

2 2 b2 — a? be a®
. gaQbQ(l;Q — a?)

(Ml(a,b; 0:0)7 + Ma(a,b; o; a)%>
X (13(1 s+ 1)\T’(a@)|q + 1|T’(b9)|q>;
0o \o’ os+1 ’
where M (a, b; o; oz)% and Ms(a,b; o; a)% are given by (5) and (6) respectively.

III. If we take ¢(t) = ¢t~° in Theorem 2, then we get a new result for Godunova-Levin-
Dragomir type harmonic s-convex functions.

Corollary 9. Let T : [a?,b°] — R be a differentiable function on (a2,b2). If |T'|P is
Godunova-Levin-Dragomir type of harmonic s-convex, where % + % =1, qg>1, then

T(a) +T(b?)  o"T(a+1) ( atbe )a [Wjﬁ_(ToW)(blg) + Qljg(Tom(l)H

2 2 be — qe a?
ope(pe — o 1

< W (Ml(a,b; ;)% + My(a, b; o; aﬁ)
v
o+1—s

< (B(a-s)ira + |T'<b9>q); ,

1 1
where M (a,b; 0;)? and Ms(a,b; 0; )7 are given by (5) and (6) respectively.

IV. If we take ¢(t) = 1 in Theorem 2, then we get a new result for harmonic P-convex
functions.

Corollary 10. Let T : [a2,b°] — R be a differentiable function on (a®,b2). If |T'|P is
harmonic P-convex, where 1% + é =1,qg>1, then

T(a®) +T®°) o°T(a+1) [ a®
2 2 be — a®
_ 0a2b2(b — a?)

- 2

a?l

“ 1 1
oT™ _ oJo —_
) [r@ew() + e wem) ()]
(Mi(a,bs0:0)7 + Maa,bs g0) ) (1" (@) + [T'(69)]1)7,
where M (a, b; o; oz)% and Ms(a,b; o; a)% are given by (5) and (6) respectively.

3. CONCLUSION

A new approach using Katugampola fractional integrals has been utilized in obtaining
Hermite-Hadamard like inequalities via harmonic ¢-convexity. New and known special
cases of the main results have also been discussed in detail. We hope that the ideas and
techniques of the paper will inspire interested readers.
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