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HERMITE-HADAMARD-FEJER TYPE INEQUALITIES FOR
s —p—CONVEX FUNCTIONS OF SEVERAL KINDS

AMBREEN ARSHAD! AND ASIF R. KHAN?

ABSTRACT. Earlier, Mehmet has done work on Hermite-Hadamard-Fejer type in-
equality for p—convex functions in [6]. Now we generalized the work of Mehmet for
p—convexity of Hermite-Hadamard-Fejer type inequalities for s — p—convex functions
of 1%* kind and 2"¢ kind.

1. INTRODUCTION

We introduce here some notation that would be used throughout the article. We use
I to denote an interval on real line R = (—o0,+00) and nonnegative real numbers are
denoted by Ry = [0,+00). I° denotes interior of I.
Here we recall some usefull related definitions and results.

Definition 1. [10]. A function f : I — R is a convez if whenever x1,y1 € I andt; € [0, 1]
the following inequality holds

[z + (1= t)pn] <t f(z) + (1= t)f(y)
Proposition 1. [12]. If f: [a1,b1] = R be a convezx function. Then

by
f <a1 ;b1> < b ial f(z1)dry < Jlar) + /(b)) _2|_ f(by) (1)

is known as Hermite-Hadamard’s inequalities.

Theorem 1. [10]. Let f : [a1,b1] — R be a convex function and g : [a1,b1] — R is a

nonnegative, integrable and symmetric about %, then Fejer gave a generalization of

the inequalities (1) as

P(“2) [ tearter < [ swgtenan < LD g,

2 1 al ai

which is known as Hermite-Hadamard-Fejer inequalities.
Definition 2. [3]. An interval I is said to be a p—convex set, if
Mp(z1,y15t) = [z + (1 = t)pP]? € 1,
Vi, yr € 1,t1 € [0,1], where p=2k+1orp= 2,n=2r+1,m=2w+1 and k,r,w € N.

Definition 3. [2]. Let I C (0,00) be an interval and p € R\ {0}. A function f: I — R
is said to be p— convex, if

7 (e + (1= t)m?17 ) < tafan) + (1= 1) f (1)
YV z1,91 €I and t; € [0,1].
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Theorem 2. [3]. Let f : I C (0,00) = R be a p-convex function, p € R\ {0}, and
ay,by € I with ay <by. If f € L[ay,b1] then the following inequalities hold:

f<vw+m1p>< S, Fla) + F ()

2 P 2

a1
For some results related to p—convex functions and its generalization refer to see [1, 2,
3,4,5,9,13].

Proposition 2. [6]. Let f: I C (0,00) — R be a differentiable function on I° such that
f' € Llay,b1], where a1,by € I° and a1 < by. If |f'| is p-convex function on [a1,b1] for
p € R\ {0} and w: [a1,b1] — R is continuous, then the following inequality holds:

“fwwwmum_f<V¢+Mjé>/“w@ﬁml

1—
a1 Xr1 p 2 1 T p

P g\ 2
< (M0 ol a1 @)l + )00

2 t? ! ty —t12
c1(p) = 1 dty + 1 dty |,
0 [tl(llp + (1 — tl)blp] Tp 1 [t1(l1p + (1 — t1>b1p] r

2

2 t —t;2 ! 1—1tp)?
@@:‘/ L 1__laZtlJr/ (1=t) —dty | .
0 [t1a11’ + (]. — tl)blp] 4 5 [t1a11’ + (]. — tl)blp] 4

2

-

Proposition 3. [6]. Let f: I C (0,00) = R be a differentiable function on I° such that
f" € Llay, b1], where a1,by € I° and ay < by. If|f'|%, g > 1, p—convex function on [ay, bi]
for p € R\ {0} and w : [a1,b1] = R is continuous, then the following inequality holds:

“f@mwmu%_f<rw+mqi>/“wuﬂml

1— 1—
a1 xr1-—P 2 xr1+ P

Q=

g(W?mﬁnwmﬁa@fﬂ@@W@W+@@W@m

}

1 tl 1 t12

Cg(P) :/ 1,ldt17 C4(p) :/ 1,ldt1’
0 [tlalp + (1 — tl)blp} a 0 [tlalp + (1 — tl)blp] a

z t —t;2 ! 1—t
Cs(p) Z/ L1 i, Cs(p) =/ ! At
0 [tlalp + (1 — tl)blp} q i [tlallj + (]. — tl)blp] a

Q=

(Co(p)' 7 [Co ()| (a1)]” + Cs(p)|f' (b1)]]

where

' ty —t12 ! 1—t)2
Cr(p) = / L —dt, Cs(p) = / ( ) —dt.
% [tlalp + (1 — tl)blp} q % [t1&1p + (1 — tl)blp] 1

Proposition 4. [6]. Let f: I C (0,00) — R be a differentiable function on I° such that
f' € Llay, b1], where a1,by € I° and a; < by. If|f'|?, ¢ > 1, p—convex function on [ay, b1 ]
for p e R\ {0} and w : [a1,b1] = R is continuous, then the following inequality holds:

“fumegm_f<vf+m15>/hw@nml

a; 51711717 2 ‘T117p
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1
[f"(a)|” +3 If’(bl)lp) v

blp—alp 2
< - -
_< . ) @ lloe | Co(p) 5

Y G ”

% ) z :

Co(p,r) = (/0 ([t1a1p +(1— tl)blp]1‘1’> dtl) ’
1 1—1t ’

Cro(p:r) = (/ ([tlalp +(1- tl)bl”}l‘;> dtl)

1 1
with — + — = 1.
p oz

where

=

Lemma 1. [6]. Let f : I C (0,00) — R be a differentiable function on I° (the interior
of I) and a1,b1 € I° with a1 < by, p € R\{0}. If f' € Lla1,b1] and w : [a1,01] — R is
integrable, then the following equality holds:

) ({M} i) [,

1-p 1-p
a1 X1 2 1 X1

= M)Q ' k(t1) / P (1 —+t P17 ) d
( b /0 [tla1p+(1—t1)b1p]17%f Otlal (1= h)br’] ) b

where

/0 1 w([sar? + (1 —s)biP])ds, t1 €[0,1),

—/ w([sar? + (1 — s)bi?) ds, t € [1,1].

ty

k(t1) =

Definition 4. [11]. A function f : I — R is said to be s—convex function of the first
kind, if

fltizr + (1= t)y] <t°f(@1) + (1 =) f(y1)
Vzy,y1 € I,t1 € [0,1] and for some fized s € (0,1].

Definition 5. [8]. A function f : I — [0,00) is said to be s—convex function of the
second kind, if

fltizs + (1 —t)y] <ta°f(@1) + (1 —11)° f(y1)
V1,11 € [0,00),t; € 10,1], s € (0,1].
Now we would like to define definition of s — p— convex in first and second kind.

Definition 6. We would call a function f : I — R be s — p—convex function of the first
kind, if
1

£ (I + (1= t)?17 ) <60 f @) + (0= 00 fwn) o)

V$1,y1 el t e [0,1} , S € (0,1]
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Definition 7. We would call a function f: I — (0,00) be s — p—convez function of the
second kind, if

£ (I + (1= t)?17 ) <00 f @) + (0= 0) Flun) 3)
Vai,y1 € It € [0,1] and for some fized s € (0,1].

Now in this paper, we establish some new results related to Hermite-Hadamard-Fejer
type integral inequalities for s — p—convex functions. The results presented here would
provide extensions of those given results proved by Mehmet in [6].

2. MAIN RESULTS
INEQUALITIES FOR s — p—CONVEX FUNCTION OF FIRST KIND

By using Definition 6 of s — p—convex function we prove following results.

Theorem 3. Let f: I C (0,00) — R be a differentiable function on I° such that ' €
Llay,b1], where a1,by € I° and a1 < by. If |f’| is s — p—convex function of first kind on
[a1,b1] for p € R\ {0} and w : [a1,b1] — R is continuous, then the following inequality

holds
b b
U f(z)w(x) a? + b,P b w(xy)
/(11 xllip dml a f 2 /a1 ‘rllip dxl

PP\ 2
< (B ) ol s 1)+ ex0 1£/00)

=

% t s+l 1 5 —t s+1
alp) = / d1+/ ! ! —rdt1 ]|,
0 [har? + (1—t)b] 3 [tar? + (1= t)b )7

2

3 _4os+1 1 _ 4.8
ealp) = b=t rdb + 1-t)d-h") Sdty |
p1l—5
0 [tlalp + (1 — tl)bl ] 3 [t1a1p + (1 — tl)bl ] P

Proof. Using Lemma 1, it follows that

by P P13 b1
f(xl)fi(xl)dxl iy {al +b } ’ / w(il)dm
a1 X1 p 2 a1 X1 p

: ( )2 HWHOO 0 [tia? + l];(ilz)fl)bl i3 f! ([t1a1P +(1— t1)blp]%> dt1’
) ( p)2 el [ 0§ [trar? + (1t—1t1)b1 1 (Inar” + = t)”]? ) dy
1 (1—tq) ) -
Jr/l tra? + (1— t1)b1” ]1,;f ([t1a1 + (1 —t1)b17) )dtl ()

Since | f’] is a s — p—convex function of 1* Kind on [ay, b1], we have

[ (e + (0 =113 ) | < 0271 (@) + (1= )| (). (5)
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using (5) in (4), we have

f:v aerbp% blw(a:)
1 _f<[ 1 2 1] >/a1 xll_lpdxl

1

< (W)annw V e @)

1=l Golln + [ e (IR ()]

1 [tar? + (1 — )b P
+(1 = t1*)[f'(b1)]] dt]

P _ , p\ 2
< (M0 el
p
3 5t 1 t1° — 51t
x / ! Hdm/ ! |17 )]
0 [t1a1P—|—(1—t1)b1p] P % [t1a1P+(1—t1)b1] P
3 ty — ;511 ! 1—t)(1—4°
| e e
0 [tia? + (1 —t1)b"] 77 3 [tray? + (1 —t1)byP] ™ »
Finally,
b L b
U f(xr)w(zy) a? +bP] P b w(xy)
[, e ([5]) [ e )
bP — P\
< (P el fr ) )+ calo) £ 001
This completes the proof. O

Remark 1. If we put s =1 under the assumption of Theorem 3, it gives us Proposition
2.

Theorem 4. Let f: I C (0,00) — R be a differentiable function on I° such that f' €
Llayi,b1], where ay,b1 € I° and a; < by. If|f'|9,q > 1, s — p—convex function of first kind
on a1, b1] for p € R\ {0} and w : [a1,b1] — R is continuous, then the following inequality

holds:
[l ([or 207 s,
< (Mo ) Il [(C)F [C)IF @) + Colo) £ )]
(Colp >>1 F O @)If (@)l + Cs )£ (b)) ]
uhere 1 s+1
C?’(P):/o [tlalp—s—(ltitl)bl] rih :/0 tlalp—l—tl—tl)bl] rdn

&2
S
Il
S—
ol

ty — 15t ! 1—t
o1 dty, = A 1 dtq
[tlalp + (]. — tl)bl ] a 3 tlal 1 — tl)bl ]

1 s s+1 1
th” —t 1—t)(1—t
cn) = [ EENT G- [ O,
% [tlalp + (1 — tl)blp] q % [tlall’ + (1 — tl)blp} q
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Proof. Using Lemma 1, Power mean inequality and s — p—convexity of 15¢ kind of |f’|?
it follows that

by f(xl)w(xl)dxl g <|:a1p+b1p:|l> /bl w(xl)dxl‘

b~

ai xllip 2 | xllfp
by —ar”) ! k(t .
(1&1) Hw”oo/ | (1)‘ — fl ([t1a1p+(1—t1)blp]zlv>dt1’

p 0 [t1a1p+(1—t1)b1p] P

bi? —ay 2

< () el

1
2

ty

X 1

[/O [tlalp + (1 — tl)blp}l_g
! 1t

+/ (I—1t1) -
% [tlalp + (1 — tl)blp] P

1 1-1

(22 e ([ . i)
= - W] oo .
p 0 [t1a1p+(1 —tl)blp]17; '
z 3] / 1\ |4
x NF ([trar? + (1 — t1)biP)7 )| dt
[/0 [tlalp_i_(l_tl)blp}l*; ([ 141 ( 1) 1 } )‘ 1‘|
1—1
1 q
+ / 1 =h) ~dt
0 [t1a1p+(1 —tl)blp]l_E

1 1)
X U [fran? + (1= t1)a"]

Since |f'| is a s — p—convex function in first Kind on [a1,b1], we have

[ (Ihar? + (1= 00?13 )| < 617 @) + (1= 6)IF (b)) (8)

f ([tmp (1 tl)blp}%) ‘ dt

I ([t1a1p +(1- t1)51p]%> ’ dt1‘|

IN

1
q

[N

1

i ([tlalp (- tl)blp]i) ]q dtll (7)
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Using (8) in (7), we have

bP P\ 2 1 ¢ 1_%
—a 1
< (11> || lso / 1 _—
P 0 [tlalp + (1 — tl)blp] P
3 5 | | .
X T 18 f a ) q + (1 — 8 f (b 9t
[/0 [t1a1p+(17t1)b1p]1_5[1 £ (@)l 19)1f/(b1)[]dty

1 11
+ /2 (1 — tl) i dtl
0 [t1a117+ (1 —251)1)110]17E

1 (1—11) RPN e q 1
[[ [t1a11’+(1_t1)b1p]1_%[t1 |f'(@)|? + (1 —t2%)[ £ (b1)] ]dh]

X

1

1—1
b —ay?\” 2 t !
< (1 ! ) | @l / ! —rdty
p 0 [t1a1P—|— (1 —tl)blp] P

3 t5+1 )
x/ 1 (@) 7ty
0

[tlalp + (1 - tl)blp]l_g

. 1

2 ty — 51! !

+/ ( 1 1 ) — |f’(b1)|th1
0 [t1a11’ + (1 - tl)blp] P

1 1-1
1 1— q
- / (1 =t) —dty
0 [tlalp + (1 — tl)blp} P

Xul D) g o)

5 [t1a1P + (1 — tl)blp]l_P

1

1 s _ q
+L (17t1 )(1 tl) dt1|f/(b1)|q‘|

_1
3 [t1a1P + (1 — tl)blp]l P

by flagw@) , ({alwblp]é) /bl wan)

a1 lefp 2 1’1171}
b? —a; 1-1 / '
(2 el [(Co0)!F (G (@)l + ol )l

p } |

Q=

IN

Q=

+(Co(p)' 7 [Co(p)f' (@) + Cs(p)|f' (b)]7]

This completes the proof.

31

Remark 2. If one take s = 1 under the assumption of Theorem 4, it gives us Proposition

3.

Theorem 5. Let f: I C (0,00) — R be a differentiable function on I° such that f' €
Llay, b1], where aj, by € I° and ay < by. If |f'|%, ¢ > 1, s—p—-convex function of first kind
on [ay,b1] for p € R\ {0} and w : [a1,b1] — R is continuous, then the following inequality
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1 P % by
bt (218]) s

1

< () ek fon) (e el

*(i‘@+gmﬁw>W“m§é+0“m[ﬁi1‘@+5@ﬁw)

, 1 1 1 ) 2
|f (a1)|q + <2 - s+ 1 (S+ 1)(25+1)> |f (bl)|th1:| }
where
: . N
¢ ’ = 1 dt ’
9(p T) </O <[t1a11’ N (1 _ tl)blp]l_p> 1)
1 11, z H
Cio(p,7) = . dt
o) </§ ([tlal” +01- tl)blp}l”> 1)
with ! + 1 =
p oz

Proof. Using Lemma 1, Holder’s inequality and s — p—convexity of |f’|? it follows that

b i b
U f(zy)w(z) aP + b7 P v w(zy)
x111—p 1 dey — f ([ 1 . 1 } )/al xll_lpdxl

ai

blp — alp 2
— ) llwlles
p

<
1 |k(t1)] , ) .
— Py d
X/O [trar? + (1 — )by "] "> ! <[t1a1 + (1= 11)bi] ) f1’
< (blp_alp>2|w|oo
p
3 t / .
1-— b p d
’ VO [tiar? + (1 — t1)by?] 7 ' (Inaf + (= ta)tn )’ t
1 (1—t1) ita? (1 515 | g
Jr/% [t1a1p+(1_t1)b1p]17% f ([tl 1P+ ( t1)b1?] )’ t
3 t z H
= o - | dt
- ( ) el {</0 ([t1a1p+(1—t1)b1p]lp> 1)

q

[t + (1 — t1)bi?]7 )‘qdh)

1- SN
b : dty
t1a11’ + (]. — tl)bl }

([
gt
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</11 7 (Ihar” + (1 = )hr?)7) ‘qd“) } "

Since |f’| is a s — p—convex function of first kind on [a1,b;], we have
[ (Ihar? + (1= 00?13 )| < 017 (@) + (1= 6)IF (b)), (11)
Using (11) in (10), we have

b — ar? 3 t T NG
< (1“1) l|wl]oo / ! — | dt
p o \[tia? + (1 —t)b"] 7>

(/02[t15|f/(a1)|q +(1- tls)lf’(bl)q]dh)

1 1—t z 1
! </5 ([tlaﬂ’ +(1- t1)b1”]1;> dt1>
(ﬁﬁfW“”q+ﬂ—hﬂwaMﬁJq}

2

P_g.P\? 3 z :
(=) el )
p 0 [t1a11’ + (1 — tl)blp] Tp

1

(/%fwmnwn+/”u—mmfwmmn>
0 0

1 1-t z :
) </é <[t1a1p +(1- tl)blp]1;’> dtl)
([ t1°| f'(a1)]%dty +L (1- tls)If’(b1)|th1> 7 }

[ 5[
<mifﬁ)ﬂﬂm{®@ﬁ®+ﬁ@“”fmmq
(3 g reor]

1 1

+00) | (131 - e ) @)l

" <; B lerl T 1)1(2s+1)) If'(bl)lq} é} (12)

Which is our required result. [l

IN

IA

Remark 3. If s =1 under the assumption of Theorem 5, it gives us Proposition 4.
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INEQUALITIES FOR s — p—CONVEX FUNCTIONS OF SECOND KIND
By using Definition 7 of s — p—convex function we prove following results.

Theorem 6. Let f: I C (0,00) — R be a differentiable function on I° such that f' €
Llay,b1], where a1,by € I° and a1 < by. If |f'| is s — p—convex function of second Kind
on [ay,b1] for p € R\ {0} and w : [a1,b1] — R is continuous, then the following inequality

holds:
by p s by
oo ([250]) [ e
blp—a1p 2 / /
() el a1 )l + a1
where

2 t,5+1 1 15 s tL
a(p) = / L T 1d7f1-|-/ ! ! - —dty |,
0 [ha? + (1 —t)b" 7w 3 [t + (1 —t)b?) 7w

2

1 . s 1 . s+1
op) = [ hd—t) _dt, + (1=t) _dt, | .
D p1l—5 p1l—5
0 [t1a1 + (1 — tl)bl ] P i [tlalp + (1 — tl)bl ] P

2

Proof. Using Lemma 1, it follows that

") ({M] %> [,

1—
ai x1 7P 2 ;T p

bpiap 2
< () ol loo
p
1 kt 1
X/ |k(t1)] — |f ([t1a1p+(17t1)b1p]5)dt1’
0 [tia?+ (1 —t)bP] 7%
bpiap 2
< () ol oo

[N -]

tq
1

8 [/0 [tl(hp + (1 — tl)blp]liz

I ([t1a1p +(1- t1)b1pﬁ) dtl’

1 (1—1ty) , ) - -
+/§ [t1a1p+(1—t1)b1p]1*% f ([t1a1 + (1 —t1)b17) )dh” (13)

Since |f'| is a s — p—convex function of second kind on [a1, b1], we have

[ (Ihar? + (1 = 00)b17]7 )| < 01 @) [+ (1 = 02)°1 (b)) (14)
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35
using (14) in (13), we have
b i b
U f(xr)w(zy) a? +bP )" v w(xy)
ay xll_p dl‘l a f 2 »/a1 mll_pda:l
bP —ap P\’ 3 t s
< (=) ol S
p 0 [tlall’ + (]. — tl)blp} P
! 1—t
-t i o0l + [ Uot) i f ()
é [t10,1p + (1 - tl)blp] P
+(1 =) f'(b1)[] dt1}
bi? — g.P\ 2 3 4,511
< (1‘”> ] / - —dt;
p 0 [tlall) + (1 — tl)blp] P
1 t s _ t s+1
+/ Lo i 1f ()
3 el + (1 —t)b?] 7w
+ /2 hld=t) g
0 [tlalp —+ (1 — tl)blp]l_g
1 1—¢ s+1
o[ a1 )
% [tlalp -+ (1 — tl)blp] P
P f(z)w(xq) ar? +b* 5 by w(zy)
/al xllip dxl a f 2 /111 xllip dml
blp—a1p 2 / /
< B llwl[oe [e1(p)|f/(@1)] + c2(p)[f(01)]] - (15)
Which is our required result. (]

Remark 4. If s =1 using assumption of Theorem 6 it gives us Proposition 2.

Theorem 7. Let f: I C (0,00) = R be a differentiable function on I° such that f' €
Llay, b1], where a1,by € I° and ay < by. If |f'|?, ¢ > 1, s — p—convex function of second
kind on [a1,b1] for p € R\ {0} and w : [a1,b1] — R is continuous, then the following

inequality holds:
b1
) / W(fl) d,
ay xl P

:D_all) 2 1 ’ 4
(mp)nwmﬁgwfﬂ@wvww+%@V@W

+(Co(p)' ™ [C )| (@n)]* + Cs )l f' (o)1 ]

=

1—
ai xr1+7P 2

b Sl ) p ([alp + blp}

IN

Q=
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where

N
Nl=

t t s+1
03(P) = / - 11 dtla 04(p) = / ! 1 dtq
0 0

[trar? + (1 — t1)by?] 7 [trar? + (1 — t1)by?)' 7

(
2 t(l—t,)° 1 1—t
CS(p) :/ 1( 1) 1_ldt17 CG(p) :/ - 1_ldt1
0 [tlalp + (1 — t1>b1p] P % [t1a1p + (1 — tl)blp} P
! 5 — 151 ! 1—t)(1—t1)*
C7(p) =/ ——————dt;,  Cs(p) =/ L= f)(d—b) —dt;.
L [traa? + (1 —t1)b P P L [traP + (1 —t1)byF] 7P

Proof. Using Lemma 1, Power mean inequality and s — p—convexity for second kind of
|£]9 it follows that

by Mdm —f ({M] ?) /ln w(m)dxl

1-p 1-p
a1 T 2 , I1

blp—alp 2
< < ol oo
p

By
0 [tlalp + (1 — tl)blp]lii

=

I ([tlalp +(1- tl)blp]%> dtl‘

b? —a?\’
< (") ol
p
% tl ’ P 1
x 1 ([ta? + (1= t1)byP]7 )| dt
[~/() [t1a11’ + (1 - tl)b1p]175 ( i P )‘ '
1 1—1¢ 1
+/ L2t |7 (it + (= o7 ) an
% [tlalp + (1 — tl)blp] p
bi” —arP\? 5 t =
—a 2
< (11> llw! oo / ! —rdty
p 0 [t1a11’ + (]. — tl)blp} P

1
q

2 tl ’ B » % q
X [A thar? 1 (1— t)b?] 3 f ([t1a1P+(1 t1)b1"] )’ dtl]

2 (1 —tl) 1_%
+ (/0 ras? + (1 tl)blp}l_ll’dt1>

! (1—1t)
) [/é [t + (1 — t1)bs"]' 7

Since |f’] is a s — p—convex function of second kind on [aq, b1], we have

£ (ftran? + (L= )b,71F ) | S 017 (@) + (1= 017 (b)) a7

(NI

1

7 ([tlalp r(1- tl)blp]%) ‘th] q (16)




HERMITE-HADAMARD-FEJER TYPE INEQUALITIES FOR s — p—CONVEX FUNCTIONS 37

Using (17) in (16) then,

1

1
bi? —ar?? 2 i1 T
(=) etk _—
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<
% tq s q B o 531914 q
" l/o [trar? + (1 — )b "] [tl [f (@)l + (L = 42)°[f(ba) ] t11
1 11
2 (1—1t) J a
+ (/0 [tra? + (1 — tl)blp]l,% tl)
1 (1—1y) . e O 1
" l/l [trar? + (1 — t1)bP] [tl |/ (@)l + (1= t)*1f (o) "]ty
< (blp_“lp)2 | w ]| /é t it T
) g h 0 [trar? + (1 —t)bs P
% t15+1 ) .
d
’ M [t1a11’+(1—t1)b1p}1*%|f(“1)| i

q

+/0 tl 1—t1> _1|f/(b1)|th1‘|

t1a1p+ 17t1)b ]1 P

1—1
+ / (1=t) rdh
0 tlalp —|— 1 — tl)bl ]

t1°5(1 —t1) d o
g Ul [tiar? + (1 — t1)by "] il

+L [ (1_tl)s(l_tl)l_;dt1|f/(b1)|q]

tlalp + (1 — tl)blp]

b (e )w(2y )d 1f<[a1p+blpy

l‘ll p 2

]
N———
—
= g
8 &
=~
SR
| | =
B | ~—
U
A

ay

s(W?mﬁnwmﬁaufw4@W@W+@@m@m

+(Co(p)' 7 [CoIF ()] + Cs(p)] /(b)) 7] - (18)
U

Q=

This completes the proof.
Remark 5. If s =1 under the assumption of Theorem 7, it gives us Proposition 3.

Theorem 8. Let f: I C (0,00) — R be a differentiable function on I° such that f' €
Llay,b1], where a1,b1 € I° and ay < by. If |f'|?, ¢ > 1, s — p—convex function of second
kind on [a1,b1] for p € R\ {0} and w : [a1,b1] — R is continuous, then the following
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) [ e
< (M) et {eu ((1)1(23“)“ ol
+<s—|1—1 (s+1) 2§+1>

1 1 Ve 1 - i
+eo) (737 - (Hl)(gsﬂ))f(al) T o) }

inequality holds:

"), ([H]

xll—p 2

&=

Q=

where

z

3 31 i
Cg(pﬂ”) = </0 <[t1a1p+(1—t1)b1p]l_’l’> dtl) ’
1 o 2 H
Cio(p,7) = </§ ([tlall’ +(1- tl)blp}k% ) dtl)

Proof. Using Lemma 1, Holder’s inequality and s — p—convexity for second kind of | f'|4

it follows that
by P p b1
f(scl)w(xl)dﬁlf([al b } )/ w(f_lzd%
a1 L1

rl-p 2

1 1
with — + — =
p oz

S

ai

- ( ) HWHOO 0 [tia1? + lli(ilz)fﬂblp]l_; f ([tlalp - tl)blp]%) dtl’
< (220
X [/0 a1 (1 —ltl)bl ] — [ ([t1a1 + (1 — )17 %)’dtl
1 (1—1t1) , . B -
+/% [t1a1p+(1—t1)b1p]17% / ([t1a1 + (1 —t1)b17] )’dt1‘|
<

P _ gqP 2 s 1 ] .
<b1p> |lwl oo { (/o ([halp + (1t_ tl)blpP;) dt1>
( q
' </1 <[t1a1” + (11_—tt11)b1p}1—é> dtl) |

I ([tlfhp +(1- tl)blp]%) ‘q dt1>
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</11 7 (Ihar” + (1 = )hr?)7) ‘qd“) } "

Since |f’] is a s — p—convex function of second kind on [aq, b1], we have
[ (Ira? + (1= 0)027)3 )| < 2717/ (@) + (1 = 02)7 1 (Bu) - (20)
Using (20) in (19) then,

b1p — a1 ; b Z é
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Which is our required result. ([

Remark 6. If s =1 under assumption of Theorem 8, it gives us Proposition 4.
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