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HERMITE-HADAMARD-FEJER TYPE INEQUALITIES FOR

s− p−CONVEX FUNCTIONS OF SEVERAL KINDS

AMBREEN ARSHAD1 AND ASIF R. KHAN2

Abstract. Earlier, Mehmet has done work on Hermite-Hadamard-Fejer type in-

equality for p−convex functions in [6]. Now we generalized the work of Mehmet for

p−convexity of Hermite-Hadamard-Fejer type inequalities for s− p−convex functions
of 1st kind and 2nd kind.

1. Introduction

We introduce here some notation that would be used throughout the article. We use
I to denote an interval on real line R = (−∞,+∞) and nonnegative real numbers are
denoted by R+ = [0,+∞). I◦ denotes interior of I.
Here we recall some usefull related definitions and results.

Definition 1. [10]. A function f : I → R is a convex if whenever x1, y1 ∈ I and t1 ∈ [0, 1]
the following inequality holds

f [t1x1 + (1− t1)y1] ≤ t1f(x1) + (1− t1)f(y1)

Proposition 1. [12]. If f : [a1, b1]→ R be a convex function. Then

f

(
a1 + b1

2

)
≤ 1

b1 − a1

∫ b1

a1

f(x1)dx1 ≤
f(a1) + f(b1)

2
(1)

is known as Hermite-Hadamard’s inequalities.

Theorem 1. [10]. Let f : [a1, b1] → R be a convex function and g : [a1, b1] → R is a
nonnegative, integrable and symmetric about a1+b1

2 , then Fejer gave a generalization of
the inequalities (1) as

f

(
a1 + b1

2

)∫ b1

a1

g(x1)dx1 ≤
∫ b1

a1

f(x1)g(x1)dx1 ≤
f(a1) + f(b1)

2

∫ b1

a1

g(x1)dx1

which is known as Hermite-Hadamard-Fejer inequalities.

Definition 2. [3]. An interval I is said to be a p−convex set, if

Mp(x1, y1; t1) = [t1x1
p + (1− t1)y1

p]
1
p ∈ I,

∀x1, y1 ∈ I, t1 ∈ [0, 1], where p = 2k+1 or p = n
m , n = 2r+1,m = 2w+1 and k, r, w ∈ N.

Definition 3. [2]. Let I ⊂ (0,∞) be an interval and p ∈ R\ {0}. A function f : I → R
is said to be p− convex, if

f
(

[t1x1
p + (1− t1)y1

p]
1
p

)
≤ t1f(x1) + (1− t1)f(y1)

∀ x1, y1 ∈ I and t1 ∈ [0, 1].
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Theorem 2. [3]. Let f : I ⊂ (0,∞) → R be a p-convex function, p ∈ R\ {0}, and
a1, b1 ∈ I with a1 < b1. If f ∈ L[a1, b1] then the following inequalities hold:

f

([
a1

p + b1
p

2

] 1
p

)
≤
∫ b1

a1

f(x1)

x1
1−p dx1 ≤

f(a1) + f(b1)

2

For some results related to p−convex functions and its generalization refer to see [1, 2,
3, 4, 5, 9, 13].

Proposition 2. [6]. Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦ such that
f ′ ∈ L[a1, b1], where a1, b1 ∈ I◦ and a1 < b1. If |f ′| is p-convex function on [a1, b1] for
p ∈ R\ {0} and ω : [a1, b1]→ R is continuous, then the following inequality holds:∣∣∣∣∣

∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤
(
b1

p − a1
p

p

)2

||ω||∞ [c1(p)|f ′(a1)|+ c2(p)|f ′(b1)|] .

where

c1(p) =

[∫ 1
2

0

t1
2

[t1a1p + (1− t1)b1
p]1−

1
p

dt1 +

∫ 1

1
2

t1 − t1
2

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

]
,

c2(p) =

[∫ 1
2

0

t1 − t1
2

[t1a1p + (1− t1)b1
p]1−

1
p

dt1 +

∫ 1

1
2

(1− t1)2

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

]
.

Proposition 3. [6]. Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦ such that
f ′ ∈ L[a1, b1], where a1, b1 ∈ I◦ and a1 < b1. If |f ′|q, q ≥ 1, p−convex function on [a1, b1]
for p ∈ R\ {0} and ω : [a1, b1]→ R is continuous, then the following inequality holds:∣∣∣∣∣

∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

‖ ω ‖∞
[
(C3(p))

1− 1
q [C4(p)|f ′(a1)|q + C5(p)|f ′(b1)|q]

1
q

(C6(p))
1− 1

q [C7(p)|f ′(a1)|q + C8(p)|f ′(b1)|q]
1
q

]
where

C3(P ) =

∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]

1− 1
q

dt1, C4(p) =

∫ 1
2

0

t1
2

[t1a1p + (1− t1)b1
p]

1− 1
q

dt1,

C5(p) =

∫ 1
2

0

t1 − t1
2

[t1a1p + (1− t1)b1
p]

1− 1
q

dt1, C6(p) =

∫ 1

1
2

1− t1

[t1a
p
1 + (1− t1)b1

p]
1− 1

q

dt1,

C7(p) =

∫ 1

1
2

t1 − t1
2

[t1a1p + (1− t1)b1
p]

1− 1
q

dt1, C8(p) =

∫ 1

1
2

(1− t1)2

[t1a1p + (1− t1)b1
p]

1− 1
q

dt1.

Proposition 4. [6]. Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦ such that
f ′ ∈ L[a1, b1], where a1, b1 ∈ I◦ and a1 < b1. If |f ′|q, q ≥ 1, p−convex function on [a1, b1]
for p ∈ R\ {0} and ω : [a1, b1]→ R is continuous, then the following inequality holds:∣∣∣∣∣

∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
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≤
(
b1

p − a1
p

p

)2

‖ ω ‖∞

[
C9(p)

(
|f ′(a1)|p + 3 |f ′(b1)|p

8

) 1
p

+ C10(p)

(
3 |f ′(a1)|p + |f ′(b1)|p

8

) 1
p

]
where

C9(p, r) =

(∫ 1
2

0

(
t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

,

C10(p, r) =

(∫ 1

1
2

(
1− t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

with
1

p
+

1

z
= 1.

Lemma 1. [6]. Let f : I ⊂ (0,∞) → R be a differentiable function on I◦ (the interior
of I) and a1, b1 ∈ I◦ with a1 < b1, p ∈ R\ {0}. If f ′ ∈ L[a1, b1] and ω : [a1, b1] → R is
integrable, then the following equality holds:∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

=

(
b1

p − a1
p

p

)2 ∫ 1

0

k(t1)

[t1a1p + (1− t1)b1
p]1−

1
p

f ′
(

[t1a1
p + (1− t1)b1

p]
1
p

)
dt,

where

k(t1) =


∫ t1

0

ω ([sa1
p + (1− s)b1

p]) ds, t1 ∈ [0, 1
2 ),

−
∫ 1

t1

ω ([sa1
p + (1− s)b1

p]) ds, t1 ∈
[
1
2 , 1
]
.

Definition 4. [11]. A function f : I → R is said to be s−convex function of the first
kind, if

f [t1x1 + (1− t1)y1] ≤ t1
sf(x1) + (1− t1

s)f(y1)

∀x1, y1 ∈ I, t1 ∈ [0, 1] and for some fixed s ∈ (0, 1].

Definition 5. [8]. A function f : I → [0,∞) is said to be s−convex function of the
second kind, if

f [t1x1 + (1− t1)y1] ≤ t1
sf(x1) + (1− t1)sf(y1)

∀x1, y1 ∈ [0,∞), t1 ∈ [0, 1], s ∈ (0, 1].

Now we would like to define definition of s− p− convex in first and second kind.

Definition 6. We would call a function f : I → R be s− p−convex function of the first
kind, if

f
(

[t1x1
p + (1− t1)y1

p]
1
p

)
≤ t1

sf(x1) + (1− t1
s)f(y1) (2)

∀x1, y1 ∈ I, t1 ∈ [0, 1] , s ∈ (0, 1].
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Definition 7. We would call a function f : I → (0,∞) be s− p−convex function of the
second kind, if

f
(

[t1x1
p + (1− t1)y1

p]
1
p

)
≤ t1

sf(x1) + (1− t1)sf(y1) (3)

∀x1, y1 ∈ I, t1 ∈ [0, 1] and for some fixed s ∈ (0, 1].

Now in this paper, we establish some new results related to Hermite-Hadamard-Fejer
type integral inequalities for s − p−convex functions. The results presented here would
provide extensions of those given results proved by Mehmet in [6].

2. Main results

Inequalities for s− p−convex function of first kind

By using Definition 6 of s− p−convex function we prove following results.

Theorem 3. Let f: I ⊂ (0,∞) → R be a differentiable function on I◦ such that f ′ ∈
L[a1, b1], where a1, b1 ∈ I◦ and a1 < b1. If |f ′| is s− p−convex function of first kind on
[a1, b1] for p ∈ R\ {0} and ω : [a1, b1] → R is continuous, then the following inequality
holds ∣∣∣∣∣

∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤
(
b1

p − a1
p

p

)2

||ω||∞ [c1(p) |f ′(a1)|+ c2(p) |f ′(b1)|]

where

c1(p) =

[∫ 1
2

0

t1
s+1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1 +

∫ 1

1
2

t1
s − t1

s+1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

]
,

c2(p) =

[∫ 1
2

0

t1 − t1
s+1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1 +

∫ 1

1
2

(1− t1)(1− t1
s)

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

]
.

Proof. Using Lemma 1, it follows that∣∣∣∣∣
∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞
∫ 1

0

|k(t1)|
[t1a1p + (1− t1)b1

p]1−
1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)
dt1

∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞

[∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

f ′
(

[t1a1
p + (1− t1)b1

p]
1
p

)
dt1

+

∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

f ′
(

[t1a1
p + (1− t1)b1

p]
1
p

)
dt1

]
(4)

Since |f ′| is a s− p−convex function of 1st Kind on [a1, b1], we have∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ ≤ t1
s|f ′(a1)|+ (1− t1

s)|f ′(b1)|. (5)
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using (5) in (4), we have∣∣∣∣∣
∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞

[∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

[t1
s|f ′(a1)|

+(1− t1
s)|f ′(b1)|] dt1 +

∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

[t1
s|f ′(a1)|

+(1− t1
s)|f ′(b1)|] dt1]

≤
(
b1

p − a1
p

p

)2

||ω||∞

×

{[∫ 1
2

0

t1
s+1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1 +

∫ 1

1
2

t1
s − t1

s+1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

]
|f ′(a1)|

+

[∫ 1
2

0

t1 − t1
s+1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1 +

∫ 1

1
2

(1− t1)(1− t1
s)

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

]
|f ′(b1)|

}
Finally, ∣∣∣∣∣

∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣ (6)

≤
(
b1

p − a1
p

p

)2

||ω||∞ [c1(p) |f ′(a1)|+ c2(p) |f ′(b1)|] .

This completes the proof. �

Remark 1. If we put s = 1 under the assumption of Theorem 3, it gives us Proposition
2.

Theorem 4. Let f : I ⊂ (0,∞) → R be a differentiable function on I◦ such that f ′ ∈
L[a1, b1], where a1, b1 ∈ I◦ and a1 < b1. If |f ′|q, q ≥ 1, s−p−convex function of first kind
on [a1, b1] for p ∈ R\ {0} and ω : [a1, b1]→ R is continuous, then the following inequality
holds: ∣∣∣∣∣

∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

‖ ω ‖∞
[
(C3(p))

1− 1
q [C4(p)|f ′(a1)|q + C5(p)|f ′(b1)|q]

1
q

(C6(p))
1− 1

q [C7(p)|f ′(a1)|q + C8(p)|f ′(b1)|q]
1
q

]
,

where

C3(P ) =

∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]

1− 1
q

dt1, C4(p) =

∫ 1
2

0

t1
s+1

[t1a1p + (1− t1)b1
p]

1− 1
q

dt1

C5(p) =

∫ 1
2

0

t1 − t1
s+1

[t1a1p + (1− t1)b1
p]

1− 1
q

dt1, C6(p) =

∫ 1

1
2

1− t1

[t1a
p
1 + (1− t1)b1

p]
1− 1

q

dt1

C7(p) =

∫ 1

1
2

t1
s − t1

s+1

[t1a1p + (1− t1)b1
p]

1− 1
q

dt1, C8(p) =

∫ 1

1
2

(1− t1)(1− t1
s)

[t1a1p + (1− t1)b1
p]

1− 1
q

dt1.
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Proof. Using Lemma 1, Power mean inequality and s − p−convexity of 1st kind of |f ′|q
it follows that∣∣∣∣∣

∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞
∫ 1

0

|k(t1)|
[t1a1p + (1− t1)b1

p]1−
1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)
dt1

∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞

×

[∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ dt1
+

∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ dt1]

≤
(
b1

p − a1
p

p

)2

||ω||∞


(∫ 1

2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

)1− 1
q

×

[∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣q dt1]
1
q

+

(∫ 1
2

0

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

)1− 1
q

×

[∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣q dt1]
1
q

 (7)

Since |f ′| is a s− p−convex function in first Kind on [a1, b1], we have∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ ≤ t1
s|f ′(a1)|+ (1− t1

s)|f ′(b1)|. (8)
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Using (8) in (7), we have

≤
(
b1

p − a1
p

p

)2

||ω||∞


(∫ 1

2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

)1− 1
q

×

[∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

[t1
s|f ′(a1)|q + (1− t1

s)|f ′(b1)|q]dt1

] 1
q

+

(∫ 1
2

0

(1− t1)

[t1a
p
1 + (1− t1)b1

p]1−
1
p

dt1

)1− 1
q

×

[∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

[t1
s|f ′(a1)|q + (1− t1

s)|f ′(b1)|q]dt1

] 1
q


≤
(
b1

p − a1
p

p

)2

‖ ω ‖∞


(∫ 1

2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

)1− 1
q

×

[∫ 1
2

0

t1
s+1

[t1a1p + (1− t1)b1
p]1−

1
p

|f ′(a1)|qdt1

+

∫ 1
2

0

(t1 − t1
s+1)

[t1a1p + (1− t1)b1
p]1−

1
p

|f ′(b1)|qdt1

] 1
q

+

(∫ 1
2

0

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

)1− 1
q

×

[∫ 1

1
2

t1
s(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

dt1|f ′(a1)|q

+

∫ 1

1
2

(1− t1
s)(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

dt1|f ′(b1)|q
] 1

q

∣∣∣∣∣
∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

‖ ω ‖∞
[
(C3(p))

1− 1
q [C4(p)|f ′(a1)|q + C5(p)|f ′(b1)|q]

1
q

+ (C6(p))
1− 1

q [C7(p)|f ′(a1)|q + C8(p)|f ′(b1)|q]
1
q

]
. (9)

This completes the proof. �

Remark 2. If one take s = 1 under the assumption of Theorem 4, it gives us Proposition
3.

Theorem 5. Let f : I ⊂ (0,∞) → R be a differentiable function on I◦ such that f ′ ∈
L[a1, b1], where a1, b1 ∈ I◦ and a1 < b1. If |f ′|q, q ≥ 1, s−p−convex function of first kind
on [a1, b1] for p ∈ R\ {0} and ω : [a1, b1]→ R is continuous, then the following inequality
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holds: ∣∣∣∣∣
∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

‖ ω ‖∞
{
C9(p)

(
1

(s + 1)(2s+1)
|f ′(a1)|q

+

(
1

2
− 1

(s + 1)(2s+1)

)
|f ′(b1)|q

) 1
q

+ C10(p)

[(
1

s + 1
− 1

(s + 1)(2s+1)

)
|f ′(a1)|q +

(
1

2
− 1

s + 1
+

1

(s + 1)(2s+1)

)
|f ′(b1)|qdt1

] 1
q

}
where

C9(p, r) =

(∫ 1
2

0

(
t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

,

C10(p, r) =

(∫ 1

1
2

(
1− t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

with
1

p
+

1

z
= 1.

Proof. Using Lemma 1, Hölder’s inequality and s− p−convexity of |f ′|q it follows that∣∣∣∣∣
∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞

×
∫ 1

0

|k(t1)|
[t1a1p + (1− t1)b1

p]1−
1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)
dt1

∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞

×

[∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a
p
1 + (1− t1)b1

p]
1
p

)∣∣∣ dt1
+

∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ dt1]

≤
(
b1

p − a1
p

p

)2

||ω||∞


(∫ 1

2

0

(
t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

(∫ 1
2

0

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣q dt1)
1
q

+

(∫ 1

1
2

(
1− t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z
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1
2

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣q dt1)
1
q

 (10)

Since |f ′| is a s− p−convex function of first kind on [a1, b1], we have∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ ≤ t1
s|f ′(a1)|+ (1− t1

s)|f ′(b1)|. (11)

Using (11) in (10), we have

≤
(
b1

p − a1
p

p

)2

||ω||∞


(∫ 1

2

0

(
t1

[t1a1p + (1− t)b1
p]1−

1
p

)z

dt1

) 1
z

(∫ 1
2

0

[t1
s|f ′(a1)|q + (1− t1

s)|f ′(b1)|q]dt1

) 1
q

+

(∫ 1

1
2

(
1− t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

(∫ 1

1
2

[t1
s|f ′(a1)|q + (1− t1

s)|f ′(b1)|q]dt1

) 1
q


≤

(
b1

p − a1
p

p

)2

||ω||∞


(∫ 1

2

0

(
t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

(∫ 1
2

0

t1
s|f ′(a1)|qdt1 +

∫ 1
2

0

(1− t1
s)|f ′(b1)|qdt1

) 1
q

+

(∫ 1

1
2

(
1− t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

(∫ 1

1
2

t1
s|f ′(a1)|qdt1 +

∫ 1

1
2

(1− t1
s)|f ′(b1)|qdt1

) 1
q

∣∣∣∣∣
∫ b1

a

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞
{
C9(p)

[
1

(s + 1)(2s+1)
|f ′(a1)|q

+

(
1

2
− 1

(s + 1)(2s+1)

)
|f ′(b1)|q

] 1
q

+C10(p)

[(
1

s + 1
− 1

(s + 1)(2s+1)

)
|f ′(a1)|q

+

(
1

2
− 1

s + 1
+

1

(s + 1)(2s+1)

)
|f ′(b1)|q

] 1
q

}
(12)

Which is our required result. �

Remark 3. If s = 1 under the assumption of Theorem 5, it gives us Proposition 4.
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Inequalities for s− p−convex functions of second kind

By using Definition 7 of s− p−convex function we prove following results.

Theorem 6. Let f: I ⊂ (0,∞) → R be a differentiable function on I◦ such that f ′ ∈
L[a1, b1], where a1, b1 ∈ I◦ and a1 < b1. If |f ′| is s − p−convex function of second Kind
on [a1, b1] for p ∈ R\ {0} and ω : [a1, b1]→ R is continuous, then the following inequality
holds: ∣∣∣∣∣

∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞ [c1(p)|f ′(a1)|+ c2(p)|f ′(b1)|] .

where

c1(p) =

[∫ 1
2

0

t1
s+1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1 +

∫ 1

1
2

t1
s − t1

s+1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

]
,

c2(p) =

[∫ 1
2

0

t1(1− t1)s

[t1a
p
1 + (1− t1)b1

p]1−
1
p

dt1 +

∫ 1

1
2

(1− t1)s+1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

]
.

Proof. Using Lemma 1, it follows that∣∣∣∣∣
∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞

×
∫ 1

0

|k(t1)|
[t1a1p + (1− t1)b1

p]1−
1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)
dt1

∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞

×

[∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)
dt1

∣∣∣
+

∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)
dt1

∣∣∣] (13)

Since |f ′| is a s− p−convex function of second kind on [a1, b1], we have∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ ≤ t1
s|f ′(a1)|+ (1− t1)s|f ′(b1)|. (14)
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using (14) in (13), we have∣∣∣∣∣
∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞

{∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

[t1
s|f ′(a1)|

+(1− t1)s|f ′(b1)|] dt1 +

∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

[t1
s|f ′(a1)|

+(1− t1)s|f ′(b1)|] dt1}

≤
(
b1

p − a1
p

p

)2

||ω||∞

{[∫ 1
2

0

t1
s+1

[t1a
p
1 + (1− t1)b1

p]1−
1
p

dt1

+

∫ 1

1
2

t1
s − t1

s+1

[t1a
p
1 + (1− t1)b1

p]1−
1
p

dt1

]
|f ′(a1)|

+

[∫ 1
2

0

t1(1− t1)s

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

+

∫ 1

1
2

(1− t1)s+1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

]
|f ′(b1)|

}
∣∣∣∣∣
∫ p

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞ [c1(p)|f ′(a1)|+ c2(p)|f ′(b1)|] . (15)

Which is our required result. �

Remark 4. If s = 1 using assumption of Theorem 6 it gives us Proposition 2.

Theorem 7. Let f : I ⊂ (0,∞) → R be a differentiable function on I◦ such that f ′ ∈
L[a1, b1], where a1, b1 ∈ I◦ and a1 < b1. If |f ′|q, q ≥ 1, s− p−convex function of second
kind on [a1, b1] for p ∈ R\ {0} and ω : [a1, b1] → R is continuous, then the following
inequality holds:∣∣∣∣∣

∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

‖ ω ‖∞
[
(C3(p))

1− 1
q [C4(p)|f ′(a1)|q + C5(p)|f ′(b1)|q]

1
q

+ (C6(p))
1− 1

q [C7(p)|f ′(a1)|q + C8(p)|f ′(b1)|q]
1
q

]
.



36 AMBREEN ARSHAD1 AND ASIF R. KHAN2

where

C3(P ) =

∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]

1− 1
p

dt1, C4(p) =

∫ 1
2

0

t1
s+1

[t1a1p + (1− t1)b1
p]

1− 1
p

dt1

C5(p) =

∫ 1
2

0

t1(1− t1)s

[t1a1p + (1− t1)b1
p]

1− 1
p

dt1, C6(p) =

∫ 1

1
2

1− t1

[t1a1p + (1− t1)b1
p]

1− 1
p

dt1

C7(p) =

∫ 1

1
2

t1
s − t1

s+1

[t1a1p + (1− t1)b1
p]

1− 1
p

dt1, C8(p) =

∫ 1

1
2

(1− t1)(1− t1)s

[t1a1p + (1− t1)b1
p]

1− 1
p

dt1.

Proof. Using Lemma 1, Power mean inequality and s − p−convexity for second kind of
|f ′|q it follows that∣∣∣∣∣

∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞

×
∫ 1

0

|k(t1)|
[t1a1p + (1− t1)b1

p]1−
1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)
dt1

∣∣∣
≤

(
b1

p − ap

p

)2

||ω||∞

×

[∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a
p
1 + (1− t1)b1

p]
1
p

)∣∣∣ dt1
+

∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ dt1]

≤
(
b1

p − a1
p

p

)2

||ω||∞


(∫ 1

2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

)1− 1
q

×

[∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣q dt1]
1
q

+

(∫ 1
2

0

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

)1− 1
q

×

[∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣q dt1]
1
q

 (16)

Since |f ′| is a s− p−convex function of second kind on [a1, b1], we have∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ ≤ t1
s|f ′(a1)|+ (1− t1)s|f ′(b1)|. (17)
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Using (17) in (16) then,

≤
(
b1

p − a1
p

p

)2

||ω||∞


(∫ 1

2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

)1− 1
q

×

[∫ 1
2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

[t1
s|f ′(a1)|q + (1− t1)s|f ′(b1)|q]dt1

] 1
q

+

(∫ 1
2

0

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

)1− 1
q

×

[∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

[t1
s|f ′(a1)|q + (1− t1)s|f ′(b1)|q]dt1

] 1
q


≤

(
b1

p − a1
p

p

)2

‖ ω ‖∞


(∫ 1

2

0

t1

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

)1− 1
q

×

[∫ 1
2

0

t1
s+1

[t1a1p + (1− t1)b1
p]1−

1
p

|f ′(a1)|qdt1

+

∫ 1
2

0

t1(1− t1)s

[t1a1p + (1− t1)b1
p]1−

1
p

|f ′(b1)|qdt1

] 1
q

+

(∫ 1
2

0

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

dt1

)1− 1
q

×

[∫ 1

1
2

t1
s(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

dt1|f ′(a1)|q

+

∫ 1

1
2

(1− t1)s(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

dt1|f ′(b1)|q
] 1

q

∣∣∣∣∣
∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

‖ ω ‖∞
[
(C3(p))

1− 1
q [C4(p)|f ′(a1)|q + C5(p)|f ′(b1)|q]

1
q

+ (C6(p))
1− 1

q [C7(p)|f ′(a1)|q + C8(p)|f ′(b1)|q]
1
q

]
. (18)

This completes the proof. �

Remark 5. If s = 1 under the assumption of Theorem 7, it gives us Proposition 3.

Theorem 8. Let f : I ⊂ (0,∞) → R be a differentiable function on I◦ such that f ′ ∈
L[a1, b1], where a1, b1 ∈ I◦ and a1 < b1. If |f ′|q, q ≥ 1, s− p−convex function of second
kind on [a1, b1] for p ∈ R\ {0} and ω : [a1, b1] → R is continuous, then the following



38 AMBREEN ARSHAD1 AND ASIF R. KHAN2

inequality holds:∣∣∣∣∣
∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − ap1
p

)2

‖ ω ‖∞
{
C9(p)

(
1

(s + 1)(2s+1)
|f ′(a1)|q

+

(
1

s + 1
− 1

(s + 1)(2s+1)

)
|f ′(b1)|q

) 1
q

+C10(p)

((
1

s + 1
− 1

(s + 1)(2s+1)

)
|f ′(a1)|q +

1

(s + 1)(2s+1)
|f ′(b1)|q

) 1
q

}
where

C9(p, r) =

(∫ 1
2

0

(
t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

,

C10(p, r) =

(∫ 1

1
2

(
1− t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

with
1

p
+

1

z
= 1.

Proof. Using Lemma 1, Hölder’s inequality and s− p−convexity for second kind of |f ′|q
it follows that∣∣∣∣∣

∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞
∫ 1

0

|k(t1)|
[t1a1p + (1− t1)b1

p]1−
1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)
dt1

∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞

×

[∫ 1
2

0

t1

[t1a
p
1 + (1− t1)b1

p]1−
1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ dt1
+

∫ 1

1
2

(1− t1)

[t1a1p + (1− t1)b1
p]1−

1
p

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ dt1]

≤
(
b1

p − a1
p

p

)2

||ω||∞


(∫ 1

2

0

(
t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

(∫ 1
2

0

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣q dt1)
1
q

+

(∫ 1

1
2

(
1− t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z



HERMITE-HADAMARD-FEJER TYPE INEQUALITIES FOR s− p−CONVEX FUNCTIONS 39(∫ 1

1
2

∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣q dt1)
1
q

 (19)

Since |f ′| is a s− p−convex function of second kind on [a1, b1], we have∣∣∣f ′ ([t1a1
p + (1− t1)b1

p]
1
p

)∣∣∣ ≤ t1
s|f ′(a1)|+ (1− t1)s|f ′(b1)|. (20)

Using (20) in (19) then,

≤
(
b1

p − a1
p

p

)2

||ω||∞


(∫ 1

2

0

(
t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt

) 1
z

(∫ 1
2

0

[t1
s|f ′(a1)|q + (1− t1)s|f ′(b1)|q]dt1

) 1
q

+

(∫ 1

1
2

(
1− t1

[t1a
p
1 + (1− t1)b1

p]1−
1
p

)z

dt1

) 1
z

(∫ 1

1
2

[t1
s|f ′(a1)|q + (1− t1)s|f ′(b1)|q]dt1

) 1
q


≤

(
b1

p − a1
p

p

)2

||ω||∞


(∫ 1

2

0

(
t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z

(∫ 1
2

0

t1
s|f ′(a1)|qdt1 +

∫ 1
2

0

(1− t1)s|f ′(b1)|qdt1

) 1
q

+

(∫ 1

1
2

(
1− t1

[t1a1p + (1− t1)b1
p]1−

1
p

)z

dt1

) 1
z
(∫ 1

1
2

t1
s|f ′(a1)|qdt1

+

∫ 1

1
2

(1− t1)s|f ′(b1)|qdt1

) 1
q

∣∣∣∣∣
∫ b1

a1

f(x1)ω(x1)

x1
1−p dx1 − f

([
a1

p + b1
p

2

] 1
p

)∫ b1

a1

ω(x1)

x1
1−p dx1

∣∣∣∣∣
≤

(
b1

p − a1
p

p

)2

||ω||∞
{
C9(p)

(
1

(s + 1)(2s+1)
|f ′(a1)|q

+

(
1

s + 1
− 1

(s + 1)(2s+1)

)
|f ′(b1)|q

) 1
q

(21)

+C10(p)

((
1

s + 1
− 1

(s + 1)(2s+1)

)
|f ′(a1)|q +

1

(s + 1)(2s+1)
|f ′(b1)|q

) 1
q

}
Which is our required result. �

Remark 6. If s = 1 under assumption of Theorem 8, it gives us Proposition 4.



40 AMBREEN ARSHAD1 AND ASIF R. KHAN2

References

[1] Z.B. Fang, R. Shi, On the (p, h)-convex function and some integral inequalities, J. Inequal. Appl.,

1–16, (45) 2014.
[2] I. Iscan, Hermite-Hadamard and Simpson-like type inequalities for differantiable p-quasi-convex

functions, Researchgate, 2016, http://dx.doi.org/10.13140/RG.2.1.2589.4801.

https://www.researchgate.net/publication/ 299610889.
[3] I. Iscan, Hermite-Hadamard type inequalities for p−convex functions, Int.J.Anal.Appl, 137-145,

11(2) 2016.

[4] I. Iscan, Ostrowski type inequalities for p−convex functions, New Trends Math. Sci, 140-150, 4 (3)
2016.

[5] Marcela V. Mihai, Muhammad Uzair Awan, Hermite-Hadamard inequalities for differentiable p −
convex functions using hypergeometric functions, Researchgate, October(2015).

[6] Mehmet Kunt, Imdat Iscan, Hermite-Hadamard-Fejer type inequalities for p−convex functions, Arab

J Math sci, 215-230, (23) 2017.
[7] M.V. Mihai, M.A. Noor, K.I. Noor, M.U. Awan, New estimate for trapezoidal like inequali-

ties via differentiable (p,h)-convex functions, Researchgate, 2015, http:// dx.doi.org/ 10.13140/ -

RG.2.1.5106.5046. https: // www.researchgate.net/ ublication/ 282912293.
[8] Muhammad Asalm Noor and Muhammad Uzair Awan, Some integral inequalities for two kinds of

convexities via fractional integrals, TJMM, 129-136, 2(5) 2013.

[9] M.A. Noor, K.I. Noor, M.V. Mihai, M.U. Awan, Hermite-Hadamard inequalities for differentiable
p-convex functions using hypergeometric functions, Researchgate, 2015,

http://dx.doi.org/10.13140/RG.2.1.2485.0648.

https://www.researchgate.net/publication/282912282.
[10] Erhan Set, Imdat Iscan, Hasan Huseyin Kara, Hermite-Hadamard-Fejer Type Inequalities for s−

Convex Function in the second Sense via fractional Integrals, Filomat 30:12 ,3131-3138, 2016,
DoI 10.2298/FIL1612131S.

[11] Toader, G. and Toader, S., A hierarchy of logarithmic convexity of functions, Annals of the T.

Popoviciu Seminar of Functional Equations, Approximation and Convexity, 147-154, ISSN 15844536,
(7) 2009.

[12] Kuei-lin Tseng, Gou-Sheng Yang, S. S. Dragomir, Hadamard inequalities for wright-convex functions,

Researchgate Demonstratio Mathematica 37(3), July 2004.
[13] K.S. Zhang, J.P. Wan, p-convex functions and their properties, Pure Appl. Math., 130–133, 23 (1)

2007.

University of Karachi

Department of Mathematics
Universty Road, 75270, Karachi, Pakistan

E-mail address: ambreen awann@hotmail.com

E-mail address: asifrk@uok.edu.pk


