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A NOTE ON THE BESSEL FORM OF PARAMETER 3/2

BAGHDADI ALOUI AND LOTFI KHERLJI

ABSTRACT. In this manuscript, we consider a certain raising operator (with a nonzero
free parameter) and we prove the following statement: up to normalization, the only
orthogonal sequence that remain orthogonal after application of this raising operator
is the one obtained by dilating the Bessel polynomials of parameter 3/2.

1. INTRODUCTION AND PRELIMINARIES

Let P be the vector space of polynomials with coefficients in C and P’ be its dual.
We note by (u, f) the action of w € P" on f € P. For n > 0, (u), = (u,z™) are the
moments of the form w (linear functional ). For any form w, any polynomial f, and any
(a,b) € C\{0} x C, let Du =14/, fu, 7_pu and h,u be the forms defined by: for all g € P
10]

<.fu7 g> = <uv.fg>a <’U,/,g> = _<u7 g/>7 <hdu7 g> = (u,g(ax)), <T—bu7 g> = (u,g(m - b)>

The form w is called regular if we can associate with it a monic orthogonal polynomials
sequence {P, },>0, deg P,, = n (MOPS in short), such that [6, 10]

(u, P Pp) = rpdpm, n,m >0, r, #0, n>0. (1)

In this paper, we suppose that any regular form w will be normalized that is to say
(u)o =1.

Let {P,, } >0 be a sequence of monic polynomials with deg P, = n (MPS) and let {uy, }n>0
be its dual sequence, u,, € P’, defined by (u,, Py) = dp.m, n, m > 0. Notice that ug is
said to be the canonical form associated with the MPS {P,},>0.

The MPS {P, },>¢ is called D-classical when {P,},>0 and {Py]}nzo are two MOPSs
(Hahn property) [10, 11]. In this case the canonical form wug is also said D-classical.
Moreover, When {P,},>¢ is D-classical , then {P,},>0, where P,(z) = a~"P,(azx +
b), (a,b) € C* x C, is also D-classical [10, 11]. Equivalently, uo fulfils the Pearson
equation [10, 11]

((I)(:L')UO), + \I’(I)Uo =0
where the polynomial ® is monic, deg ® < 2 and WV is a polynomial with deg ¥ = 1; and
its shifted up = (hg-1 o T_p)ug fulfils the Pearson equation [10, 11]

(=982 ®(ax + b)Up)" + a' "I P (ax + b)iy = 0. (2)
There are four D-classical MOPSs: Hermite, Laguerre, Bessel and Jacobi [10, 11].

Let us consider the D-classical Bessel polynomials {B,(La)}nzo and its canonical form
B(a), a # =%, n > 0. The Bessel form B(a), a # —%, n > 0 satisfies the Pearson
equation [10]

(z2B())" — 2(az +1)B(a) = 0. (3)
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Every polynomial B,(LO_fl, n > 0 satisfies a second-order differential equation (Bdchner

property) [10]

2B (2) + 2(az + DB, (z) = (n+ 1)(n + 20) B, (x), n > 0. (4)
In addition, These polynomials can be represented as a hypergeometric function [14]
" 2" T (n+42a+v —1)
B(D‘) — n v >
n (@) ;}(y r'(2n+2a—1) 25, n=z0, (5)

where I' is the Gamma function. As consequence of (5), we get the following fundamental
formula

(B2 (x) = (n+ 1)BLHY(2), n > 0. (6)

Instead of the derivative operator D, we are going to consider the following raising
operator B¢ defined by

Be = a(aD+ Ip) + Elp, €40, (7)
where Ip is the identity operator in P. Denoting the MPS {Q,,}n>0 by
B:P,_1(x
Q@) =1, Qua)i= 2T sy ©

Our aim is then to find the MOPSs { P, },,>0 such that the MPS {@,,}»>0 is also orthogo-
nal (the analog of Hahn’s property); that is to say {P,}»>0 is Be-classical. The resulting

is the scaled Bessel MOPS {a_”Bq(LS/Q)(ax)}nzo, where a = 267!, The main result will be
proved in the next section (see Theorem 2.1 bellow). In fact, the concept of O-classical
orthogonal polynomials, where O is an operator on P, has been studied by many authors
in the literature [1-5, 7-9, 11-13].

2. MAIN RESULT
On account of (7), we may write
Be: P — P
for— Belf) =2+ (@ +Of

Clearly, the operator B, raises the degree of any polynomial. Such an operator is called
raising operator [5, 8, 13].
Furthermore, (8) is equivalent to

Qo(x) =1, (n+1)Qu4i(x) = 2P, () + (z + &) Palx), n > 0. 9)
Moreover, by transposition of the operator B¢, we get
"B = —B_,

since 'D = —D and the well known formula (fu) = f'u+ fu', f € P, ue€ P’ [10].

Based on the Bochner characterization (4) of Bessel polynomials and the Pearson
equation (3) satisfied by the Bessel form B(«), we can state the following theorem.
Theorem 1. For any nonzero complex number & and any MPS {P,},>0, the following
statements are equivalent.

(i) {Pn}n>0 is an Be-classical orthogonal sequence.
(ii) There exists a € C, a # 0 such that P,(x) = aan,(lS/z)(az), n > 0.
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Proof. (1)=(ii).
Assume that {P,},>0 is a Be-classical. Consequently, {P,},>0 and {Qn}n>0 are two
MOPSs. Denoting ug the canonical form of {P,},>¢ and vy the one’s of {Q}n>0. By
virtue of (9) and (1), we get

<vo, ?P! (2) + (z + §)Pn(x)> = <110, (n+ 1)Qn+1(x)> =0,n>0.
But the left hand side reads as

(= (2®v0) + (z + vy, Pu(x)) =0, n > 0.
In other words,
(z%vp) — (z+&)vy =0
that is to say that vy is the scaled Bessel form B(1/2) with a dilatation a = 2£~1 according
to (3) and (2).
Furthermore, writing for all n > 0

n
(z) =2" + Z anpa® and  Quyi(x) = 2"+ Z b1, 2",
- k=0

then, the equality in (9) becomes

n

n—1 n—1
Z(n + 1)bn+1,kxk = &+ Z(k + l)an,kx’”l + Z Ean,kxk

k=0 k=0 k=0
n—1
= (f + nan,n—l)xn + Z(ka'n,k—l + ga’n,k)xk + fa'n70~
k=1
Therefore,
(n + l)bn+1,k = kan,k—l + gan,ka 0<k<n, (10)

with the convention a, —; := 0.
Equivalently, one may write (10) as

an,k+1 - —f_l(k + 1)an,k + 5_1(77/ + ]-)bn+1,k+17 k Z 07 (1]-)

with an,0 = 5_1(71 + l)bn-i-l,O-
On account of (11) and by using Lemma 4.1 p. 439 in [12] we get in a straightforward
way

. = (1)
ane = (“D)FRIEF T 1) o1, 0 <k <n. (12)
1=0
Moreover, for all n > 0
Quia(z) = () BY Y (2¢7Me)
n+1
B n+1z n+1 F(”+k+1)€—kxk
by (5) k I'(2n + 2)
since vg = h(ge-1)-1B(1/2).
Consequently,
n+1\T(n+k+1)
bpg1 g = TR T etk g<k<n+1, n>0. 1
+lk ( k ) rZn+2) » Osksn+l, n=0 (13)

Due to (13), (12) becomes

+1 n-+v
:_1k!nk n < < .
ank = (—1)"k!E 2n+1,z ( )( . ) 0<k<n
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By induction, it is easily seen that

() (1) )

v=0
Therefore,
= —_ 0<k<n. 14
i,k (k)f T2nt2) = — =" (14)
On the other hand,

e _ _ = wTn+k+2)
9¢—1)—n g(3/2) (9¢—1 _ 9—ngn n2nk ok ¢—k ok
@) TBIP )| = skzzok fanig 26w

B zn: (n) gnh L(n+k+2) o
= \k I'2n+2)
k
= An kT
by (14) kzzo ok
= P,(x).

Thus, P, are the scaled polynomials orthogonal with respect to the form B(3/2) with a
dilatation a = 2671,

(ii)=(i).
Let a in C, with a # 0 and let P,(z) = a—"B/? (az), n > 0. It is clear that {P,}n>0
is a MOPS. By using (4) which is satisfied by B£Ll+/12) (a =1/2), we have

2BUY (@) + (2 + 2B (@) = (n+ 1)2BYD (@), n >0,

n+1 n+1 n+1
and the relation (6), we have
2B (@) + (x + 2) B (2) = (n + 1)BY/P (2), n > 0. (15)

Besides, from (15) where x is replaced by ax it comes that
z? (B,(f/z)(ax))/ + (2 +2a" BB (az) = (n+ 1)@‘1321112)(ax), n >0,

or, equivalently,
Be Py (x) = (n+ 1)a” "B (ax), n >0,

where ¢ = 2a~!. Hence, (i) holds since {a‘"BELl/Q) (azx)}n>o is a MOPS. O
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