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CERTAIN SUBCLASS OF MEROMORPHIC FUNCTIONS INVOLVING
¢-RUSCHEWEYH DIFFERENTIAL OPERATOR

ABDULLAH ALSOBOH AND MASLINA DARUS

ABSTRACT. In this paper, we introduce a new g-analogue of differential operator in-
volving g-Ruscheweyh operator with a new subclass of meromorphic functions. We
obtain coefficient conditions and show some properties for function f belonging to this
subclass such as convolution conditions, closure and convex combinations. Finally,
the neighbourhoods problem is solved.

1. INTRODUCTION

Quantum calculus (or g-calculus) has attracted the interest of many researchers due
to its several applications in different branches of mathematics and physics, especially
the geometric function theory. The g-calculus was believed to be initiated by Euler and
Jacobi in 18" century, and the application was given and developed by Jackson [10, 11].
Other applications of g-operator are studied by many other authors recently, for example
see ([4, 5]) and Elhaddad et.al ([7, 8]). Many different problems related to g-calculus can
also be seen in [2, 3, 14].

Throughout this article, we will assume 0 < g < 1. We begin with some concepts of
g-calculus, for any non-negative integer i, the g-factorial [i],! is defined by:
) Mq[l_ 1]‘1[2}(1[1}11 77;:2737”~
li]y! = (1)
1 =1
q’ﬂ

where [i], = 11__q , when ¢ — 17 then [i], tends to 7.

The g-derivative of a function f is defined by:
f(z) = flaz)
04f(z) = ——————=, (2#0),
and 9, f(0) = £ (0), when ¢ — 1~ then 9, f(2) tends to f (2).
Let ¥ denotes a family of all meromorphic functions f of the form

1 ~—
= - % Z, U*a 2
f(2) Z+;az z € (2)
which are analytic in punctured open unit disk U* = U\{0} = {z € C: 0 < |z| < 1}. For
a function f of the form (2), one can observe that

“1 = s
0af(2) = 5 + Dl
i=1
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Definition 1. Let f be as in (2) and h(z) = 1 + 377, b;2", then the convolution or
Hadamard product of f and h is given by

(f*h)(z) = (h*f) —7+Zazbz

Definition 2. For any two analytic functions f(z) and g(z) in U, we say that f(z) is
subordinate to g(z), denoted by f(z) < g(2), if there exist a Schwarz function w(z) with
w(0) =0, [w(z)| <1 such that f(z) = g(w(2)) for all z € U [13].

For n,A € Ny and 0 < ¢ < 1, and using the idea of convolutions, we define new
g-differential operator D"*f(z) : & — ¥ by
)N U P B
Dn,)\ — R)\ @n — ( q
i f(2) =Ry f(2) DY f(2) = ~— +§:j AL

where RZJ\ denotes the g-Ruscheweyh differential operator introduced in [1] as

a; 7" (3)

I = A=1+1, ,
7+Z R jaiz, (AEN),
=1

I

and we introduce the differential operator CDZ} f(z) by
D7 f(2) = qz0,(DL 1 f(2)) +Zajq "2, (neN).
It is clear that

n G I U L e e TL .
9y DI f(2) = p +Z RN L0zt 2 e U™ (4)

Note that:
i) When n =0 and ¢ — 1~ then D}* is reduced to D" f(z) [17].
ii) When n = 0, then D}"* is reduced to £4~! [1].
ili) When A =0, and ¢ — 1~ we get Salagean differential operator introduced in [16].

Finally, by using the introduced differential operator DZ;”\7 we define a subfamily
35 (a,n, A) of analytic meromorphic functions in U, as follows:

Definition 3. For 0 < a < 1 and n, A € Nyg. A function f of the form (2) is said to
be in the class ;" (a,m, X) of meromorphic starlike function of order «, if it satisfies the
condition

=0, (DP f(2))
el DI f(2)

In this paper, we obtain coefficient conditions and show some properties for function
f belonging to this subclass. These include the convolution conditions, closure theorem,
convex combinations and the neighbourhoods problem.

}>a,zEU*. (5)

2. SOME PROPERTIES OF THE CLASS X" (o, n, \)

In the following theorem, we get the sufficient condition for functions belonging to the
class £,"(a, n, A).
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Theorem 1. For 0 < a <1 andn € Ny. Let f € ¥ be given by (2). Then

> (alla + o) g g <1 )
i=1 7 a

if and only if f € 25" (o, m, A).

Proof. "If> part: Let f € ¥ as in (2) and the condition (6) holds Vz € U*, we will
show that f € ¥,*(a,n,\), according to definition of the class ¥,*(a,n, ), and for

n,A

%‘}({(Z))} > «a. By using the fact that Re(A) > «
q z

if 1 —a+A] > |1+a—A| it suffices to show |®(z)| — |Q(2)| > 0, where ®(z) =

—qzaq(Dg’)‘f(z)) +(1- a)Dg’Af(z) and Q(z) = qzaq(Dg’)‘f(z)) +(1+ a)Dg’)‘f(z).

Now

0 < a< 1, we want to show Re{

a2)| - [o2)| - \2 A e
,’f _ Jg +a+1) n[[z]i[!)\[i_llilﬂq'aizl 1
> |2 ZQC“ - if;z(qmq .
221 Z o) o e ),
SR T E )

By condition (6), then the last inequality is non-negative.

Conversely, suppose that f € ¥,"(a, n, A), then the inequality (6) is true for all z € U*,

—gz n,A 2
and we have Re {W} > 0, equivalently to,
i O DS S PL)
1-37% Doli—1l41 %% i

Re

L n[)\ 1+’L] 20&,

D s

choosing a value of z =r € (0,1) on the real axis such that » — 17, we have

oo n+17;1n+1 . n n y
@ AT = T+ ]! z]q)\flJrz]!
1-— a; > o+« a;
; [Aq!i — 1! ' Z Nglli =18
we obtain inequality (6), Thus by the maximum modulus theorem7 we have f € X" (o, m, A).
([l
Corollary 1. If f € £, (a,n, \), then
- 2],(1 —
Zaig Hq( a) , 0<a<l.
(g + )" [N+ 14 (A + 2],

i=1
In the next theorem, we show the main result of closure of such functions belonging to
the class ,"(a, n, \).
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Theorem 2. Let fi(z) be in the class X" (o, n, X) for every k =1,2,...,m, where
- :
== + Zai,kzl, (@i > 0).

Then the function

7+sz (b; > 0),

is also in the class Xy (a,n, N), where by = 237" a; .

Proof. To show that Bi(z) € X, (v, m, A), it is enough to show that condition (2.1) holds,
such that

3 TP — 1+ g oo . Z
E(q[dﬁa)q [[}\,L['A[Z _11;;!% Ibi] :§(Q[i]q+a) [[]][ 1_11+ 1 Z|azk|
U e
m};;(q[z]ﬁa)q SN @ik,

as fr(z) € 4" (a,n, A) for all k =1,2,...,m, then it satisfies condition (2.1), therefore

Z(Q[i}ﬁa)qn[ﬁ\?[[ 1;”] |b;| < ;Z(l—a) <1-aq,
i=1 a k=1

therefore, we have Bi(z) € X, (v, n, A) and this completes the proof. O

In next theorem, we proved the class ¥,*(a, n, ) is closed under convex combination.

Theorem 3. Let f as in (2). Then f € X," (o, n, A) if and only if

Z) = Z'Uqu (7)
=0

where

1

1
fole) = -, filz) =+ (qn[L]g[A — 1+ gl (qlt)q + )

Palle = 1]4!(1 — o) > i=12,.. (8

where 0 < v, <1 and Y2 v, = 1.

Proof. Let
Ny f IR S Alg'le = 1]g!(1 = @) .
=Yty =23 ol (Gt ) 7

by applying condition (6), we get

> q”[b]g[)\—l—&-L]q! Al — 1411 — )
Z(qmq +a) N![e — 1]4! (q”[L]g[A — 1+ 4, (qli]y + ) “‘)

=1

=(1-a)) v=>01-a)1-v)<1-aq,

so f e X" (a,n, A).
Conversely, suppose that f € X,"(a,n,A). Set
) 1
' Aol = 1g!(1 — ) i -
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o0
vg=1-— E v, .
=1

Therefore, f can be expressed as

o0

_1 3 OLZL—l Mg!le — 1! (1 — @) v, 2"
f(Z) - +; ey, +; (q[L]qua)q”[L]g[)\*lJrL]q! ¢

R = SR VR PTG S B W
= B +Z(z+ (q[L]q+a)qn[L}g[>\_l+L]q! ) L LZ:; Lfb.

And this completes the proof. O

The convolution conditions is obtained in the next theorem.

Theorem 4. Let f of the form (1.1) and g(z) = 2 + 3772, b;z" be in class ;% (o, n, ).
Then (f % g) € ¥4%(6,n, X), where

_ (Q[i]q + a)2CI"[i]ZP\ -1+ i]q! - Q[i]q(l - a)2[)‘]q![i - 1]:1!
(qld]q + a)Qq"[i]g[)\ =14l 4+ (1 —a)?[A i — 1]

Proof. Since f,g € ¥, (a,n, \), then

> (gli)q + a)q”[i]g[)\ — 144,
Z (1 —a)[Ag![i — 1]g!

a; >~ 1,

and =1
= (qfily + gz — 1+)!
; Tl i1, =)

We have to find the largest § such that

2 (1—=6)[Alg!fe — 1! aib; <1, )

i=1

by using Cauchy-Schwartz inequality, we have

— (qlilq + )" [i]g[A — 1 4 dg!
) T A A 10
it is enough to show that
S @l £ D=L Sl AL

(1= 0)[Ng![i = 1!

i=1

This is equivalent to

(1 —0)(gli]q + )
S (g, + o)1 1
From (2.9) we have
- (1 = a)[Ag!li = 1!
S il TR L "
Thus it is enough to show that
(1 —a)[Ag![i —1]g! < (1—0)(qli]q + ) (14)
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then
(qlilq + a)*q"[i]g N — 1 +d]g! — qli]q (1 — @)*[N]g![i — 1]!

0= (qlilg + )¢ (i [A = T+ dlg! + (1 = a)?[Ng![i = 1]g})

(15)
O

Theorem 5. Let f of the form (2) and g(z) = £ + 372 biz' be in class $4% (o, n, ).
Then the function B(z) = 2 + 377 (a? + b?)z" is also in class £, (o,n, \). where
2(1 — a)?(1+q)
(+ )¢ +2(1 —a)?’
Proof. We want to find the largest o such that

oc=1-

= (glily + o)g" i) [A — 1 + !
; a }q(1+ ,),(;[A[]]q‘ﬂ[[j j; l (a2 +b2) <1, (16)
Since f,g € ¥4 (a,n, \), then
= ( (qlily + @)g"[i2 A — 1+ 4], 2
Zl{ (1 —a)[Ngi — 1], } af <1, (17)

and

b < 1. (18)

= ((qlily + a)g" 2N — 1+,
Z{ (1 —a)[Ag![i — 14! }

i=1
Combining the inequalities (17) and (18), we get

2
]“}<ﬁ+w%<1. (19)

<1 [ (qlily +a)g" [P A~ 1+
22{ (1—a)[N [ — 1],
A

o (Q[i]q+o)q"[i]g[)\_1+i]q!
;{ (1— o)\ ![i — 1! }(a?+bf)<1. (20)

This is true if

(qlilg + )" A =1+l _ 1 [ (glily + @)q A =1+,
{ (1= o) Vgl — 1], }<2{ (A=) — 1! }

— —a)? g — |
(qlilq +0) — (glilq + a)?qn[ifg[A — 1 +dg!
Where ®(7) is decreasing of ¢ and has a maximum value ®(1) = (z(j;f;)‘; attains at i = 1.
(1-0) - 2(1 — «a)?
(@+0) ~ (¢+ )¢

simplify the last inequality we obtain

2(1 — a)?(1+q)
oc<1- .
(a+ g+ 2(1 - a)?
This completes the proof. [l
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3. NEIGHBORHOODS ON ¥7*(a, n, A)

Following the earlier works by Goodman [9], Ruscheweyh [15] and Liu and Srivastava
[12], we define the d-neighborhood of a function f € ¥ by

1 (oo} ) oo
N(g(f)—{hEE:h(Z)—Z—|—2:%zZ and Zi|ai—’m§5, 0§5<1}. (21)
i=1 i=1
For the identity function I(z) = z, we have
1 [eS) , 0o
Ng([):{heE:h(z):Z-FZ%zl and Zmigé}. (22)
i=1 i=1

Definition 4. A function f € % is said to be in the class ¥7*(a,n, ) if there exist
h € ¥y (a,n, A) such that
f(z)

— -1 1-— U*, 0< 1).
n) ‘< o, (zeU*, 0<o<1)

Theorem 6. Ifh € X, (a,n,\) and
0(q + )" A+ 1]g[A + 2]y

o=1- (¢+a)g A+ 1 A+ 2], — 2],(1 — ) (23)

then Ns(h) C 37" (o, n, A).
Proof. Consider f € Njs(h), then from equality (21), we have

D ilai =yl <6=) lai— vl <4, (i €N).

i=1 i=1
Since h € ¥ (a,n, A), then from Corollary 1 we have

- [Q]q(l — Q)
Z% = (q+ )" A+ 14N +2],

i=1
And hence
f(z)l‘ < > i lai — il < 6(q + a)g" [N+ 1g[A + 2] —1—0
h(z) 1=3207 ~ (@+a)g A+ 1A+ 2] — [2]4(1 — @) '

Thus, for given ¢ in (22) and by definition (21) we have f € ¥ (a,n, ), and the proof

is complete.
O
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