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COEFFICIENT PROPERTIES INVOLVING THE GENERALIZED
K—MITTAG-LEFFLER FUNCTIONS

HAMEED UR REHMAN, MASLINA DARUS, AND JAMAL SALAH

ABSTRACT. In this article we investigate the Fekete-Szegd problem for the integral
operator associated with the most generalized K— Mittag-Leffler function. Our results
will focus on some of the subclasses of starlike and convex functions.

1. INTRODUCTION

Let A be the family of all normalized analytic functions f of the form
flz)=2z+ Z tpn2" (1)
n=2

which are analytic in the unit disk
T={zeC:|z| <1}

Suppose S be the subclass of N consisting of functions that are univalent in T. A classical
theorem of Fekete-Szego [I] states that for f € A given by (1)),

-2
ﬁs—ma<1+ﬂmm<1_i>, 2)

for 0 < p < 1 and that this inequality is sharp.

oo
Definition 1. For a function {f,g} € N given by (1)) and g(z) = z—i—Z dnz", we define

n=2
the Hadamard product (or convolution) of f and g by
(fx9)(2) =24 tndn2", (tn>0,2€T). (3)
n=2

The one-parameter Mittag-Leffler function E,(2) : (z) € C see [6] and [1],

o0 n

z
Ea(z) = nZ:O m = Ea’l(Z), (4)
and its two-parameters extension F, g(z) was studied by Wiman [§],
oo Zn
FE,5(z):= _— a > 0), 5
s=Y g @20 )

where o, 8 € C,R(a) > 0 and R(8) > 0.
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Consequently many researchers have worked on the generalization of Mittag-Leffer
function see for example [2], [9], [10],[I3] and [I1]. Fekete-Szegd problem has been ad-
dressed by many authors with amalgamation of certain integral or differential operator,
see for example [], [5], [I7] and [I4]. However to achieve our results we use the Salim
[I1] type of generalized K— Mittag-Leffler function which is of the form

EY4 ng,k n 6
ka55 Zl—‘kan—i—ﬂ )Z’ ()

the imposition on parameters are «, 3,7 € C,R(a) > 0, R(8) > 0, k € R, ¢ is non-
negative real number, ng is a positive integer and (v),, is the Pochhammar symbol:

_F(*y+n): 1, n=0
W = =10 {y(yju D)..(y+n—1).
Note that

(@) = z(x 4+ 1)p_1, n €N,

where (7)ng,k is the k—Pochhammer symbol defined as:
(Vngk =7y +F)(y+2k)..(y+ (ng=1k)  (y€CkeR,neN). (7)

Since the Mittag-Leffler function in does not belong to the class N therefore,
Srivastava and his co-authors [3] have considered some normalization on E, g and made
it an analytic function of class A/. Similarly we consider some normalization on the most
generalized Mittag-Leffler function E;% ; 5(2) defined in (@)

19%(2) = F(’;(f) (Ez;z,ﬁ,az)) L e
—z+z Dogs TGO D) oy ®

quk (an+ B)L'(0 +n)
-kl k(a+ BT +1)
_z+z quk a(n—1)+B)T (§+n71)z' ©)
Let f(z) € N. Denote L}’ iﬂ 5(f)( ) : N — N the operator is defined by
Lt 55()(2) = Q14 5.5(2) x f(2),

and now by convolution or Hadamard product (*) the operator L;'% ; 5(f)(2) becomes

V-4
kaﬁ&

(VngeTk(a+ B0+ 1) "
_”nzz (s Than + ATEG + 7)™ (o)

where o, 8,7 € C,R(a) > 0,R(8) > 0,k € R,¢ is non-negative real number, ng is a
positive integer and ¢ € (0,1) UN.

V9
Lk,a,ﬁ 5

Some properties and relation of this integral operator are given in the next Lemma

2. PRELIMINARY RESULTS

Lemma 1. Let f(z) € N. Then
oo

i) L1011 )(z):z+Zt,Lz"_

it) Llolo(f) _Z+Z”t2 =2f'(2)
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a1 n + 1 1 ,
i) L1gq11(f)(2) =2+ E tn2" =3 [f(2) +2f'(2)]
= 2log(1 — 2)
L = = g @7 2
i) 1012 /f E_ <n—|—1>n < >

v) L%:(IJ,M =z+ Z n+ Dt 2" = f(2) + zf/(2).
n=2

Remark 1. Note that in above Lemma part is the type of Bernardi Integral [15] and
is the special case of studied by Libera [18] and Livingston [19].

Definition 2. Let f(z) € N. Then f(z) € S]] 5 5(\) if and only if

z [LZ:;B’(;]”(Z)}/

> A 0<A<l1l, ze€T.
Lt sal () LT
,a,3,8

Definition 3. Let f(z) € N. Then f(2) € C% 4 5(\) if and only if

(=52 557G

R
(Lyas.5f(2))

> A, 0<A<l, ze€eT.

Now we discuss the general properties and distortion theorems for the function f(z) €
N belonging to the classes S]"% ; 5(A) and C'7 5 () by obtaining the coefficient bounds.
In context to obtain sharp upper bounds of [t5| and of the Fekete-Szegd functional |t3 — 3|
for the classes S} ; ;(\) and CJ% 5 ;(\), we need to state the following result due to
Duren [16].

Lemma 2. Let h(z) =1+ Z hn2™ € P, such that h be analytic in T, and P be the class

n=1
of all analytic functions, and R{h(z)} > 0 for z € T. Then
h h
(i) |hn| <2 for alln € N.

Theorem 1. Let f(z) € N. If for {k, 8,7} > 1 and {a,q,6} >0

o0
D =Nt {TL 53 <1=A  0<A<], (11)
n=2

then f(z) € S)°% 5 5(A). The result is sharp, where

gt — DnaaTk(a+ AT +1)
k,o,B,6 — ( )q’kr‘]{;<an + ﬂ)l"(é + n)

Proof. Let us say that holds true. Since

L=A> Z(n — Nt {¥33 5.5}

>ZA|t Vet — ant {¥a,65)
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and this means that

1+ Z nlt, {8 551

> A
1+ Z [t { W3 a.5.6)
hence
li
z (LzZi,ﬂ,éf(ZD \
> Al
Liassl(2)

We also note that the assertion is sharp and the extremal function is given by

n—2 k,o,8,8
O
Corollary 1. Let the assumption of Theorem/[]] is true. Then for 0 < X <1
1—A 1
th] < ——= , Vn>2. 12
| |n_A{mM} " (12)

Corollary 2. Let the assumption of Theorem [1] is true, and if we put a = X = 0 and
y=q=k=p=7§=1 then we obtain

Ita] < Vi > 2. (13)

In a similar method we can verify our results for convex function C"Y a8, s(A) that:

Theorem 2. Let f(z) € N. If for {k,B,7v} > 1 and {«,q,6} >0

S onn =Nt {ELL 53 <1-X  0<A<1, (14)
n=2
then f(z) € C% 5 5(N). The result is sharp, where

P (V)nq,krk(a + ﬁ)r((s + 1)
k08,8 = (V) gkTk(an + BT +n)

Corollary 3. Let the assumption of Theorem|[dis true. Then for 0 < X <1

1-—X 1
< C Wn>2. 15
| |_”(” A){‘I’ZZM} " (15)

Theorem 3. Let the hypotheses of Theorem[1] holds. Then for z € T and 0 < X <1

1—A
> |z - m\ZP

L1 56t (2)
and

1-A
L’Y#I ‘ < 2.
‘ k,a’ﬁ,éf(z) < |2+ 9 _ )\|z\
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Proof. One can easily understand from Theorem [I| that

2= [ta{¥2 55}
n=2

NE

<D (=Nt {¥0E 55}
n=2
<1-A
SO,
> 1—)\
D lal{¥3 553 < I
n=2

Thus we have

o0
L2 560 ()] < 1o+ 30 (WL el
n=2

oo
< el + D ltal{¥75 56321

n=2

1-A
<+ (575 ) 1P

Now for second assertion we proceed as follows

‘Lzﬁi,ﬁ,éf(z)’ =

o0
2+ ) {0 5612"
n=2

oo
> 2l = > [tal{T)L 5 5}zl
n=2
> 1
> |z| - Z(n =) <W> |tn|2”
n=2 k,a,,6

1-—A
> i1 - (525 1

and hence both parts of our proof are completed.

159

O

Theorem 4. Let the hypotheses of Theorem[d be satisfied. Then for z € T and0 < X <1

- A

1
28,5572 2 121 = 55 4P
and
1-A
L8565 G)] < 1ol + g =5l

Theorem 5. Let the hypotheses of Theorem be satisfied. Then for all {n >2:n € N},

0< A<, and (n— N{¥L 55} > 1, implies

[f(2)] = |2] = (1 = N[z

and
F(2)] < 2+ (1 = V)2
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Proof. By using Theorem |1} we get

(oo} oo

Z [tn| < Z(n = MO o tta]l < (1 =)

n=2 n=2
then

Z |tn| S (1 - )‘)
n=2

So, we obtain

1f(2)] =

o0
z+ Z tn 2"
n=2

oo
<2+ ) ltnll2?
n=2

<zl + (1= V)2

To prove the second assertion we adopt the following steps
o0

z— Z tn 2"
n=2

)
> [z = > [tall2f?
n=2

> [z = (1= X2/

|f(2)| >

and hence the proof. ([
Theorem 6. Let the hypotheses of Theorem@ be satisfied. Then for all {n > 2:n € N},
0< A< 1, and n(n — N{¥? 5 5} > 1, poses
1-—X
(@) 2 |2l = =2l
and

1—A
)] < 12l + =P

Definition 4. Let ¢(z) be univalent starlike function with respect to 1 which maps the
unit disk T onto a region in the right half plane which is symmetric about the real axis,
¢(0) =1 and ¢'(0) > 0. A function f € N is in the class L)% 5 5(¢) if

!
2 (L78 5.4(2))
Lyiapsf ()

Remark 2. It can be seen if we put vy =q =k = =90 =1 and o = 0 then the class
L% 5 59(2) becomes the class of starlike function S*(¢).

< ¢(2). (16)

Lemma 3. (see [12]) If hy = 1 + c12 + 222 + ¢32% + ... is an analytic function with
positive real part in the unit disk T, then

lcg — ve?| < 2max {1, |20 — 1]} (17)

and the result is sharp for the functions given by

1+ 2
=2 he)

_ 1+ 22
1= 22

h(z)

(18)
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o -4 -4
3. FEKETE-SZEGO FOR THE CLASSES S;’] 5 ;(A) AND G}’ 5 5(})

Now we determine the sharp upper bound for [ts| for the class S;'% ; 5(A) and C)'% 5 5(N),
and calculate the Fekete-Szego function of |t3 — ut3| for these classes.
Theorem 7. Let the hypotheses of Theorem[]] be satisfied. Then
2(1 = N () gsTk(200+ B) (3 + 1)
(T+N)(V2gulk(a+p) 7
and for all u € C the following bound is sharp
1—A 1—A 1-XN2+\NB
ty — pt3] < 5 1,|B B} — B}
}3 ﬂ2|(2+)\)Bmax{, 2+1+/\1 M 1+ N2AZ 1| (>

where values of A and B are given by equation , {k,B,v} > 1 and {«,¢q,6} > 0.

lta| < 0<A<1,

Proof. Since f € S]" . <(\) then the condition

k,o, 3,6
A
z (Llja,g,af@))
Liassf(2)

> A, 0< A<,

is equivalent to

/
2L s f ()] = (1= NI 50 (), €T

for some h € P. Equating the coefficients we have the values of

(=M
t2= (1+MA (19)
and
C1-N (1A,
B=GiNB <1+)\h1+h2)’ (20)

and hence by using Lemma [2] and equation we achieve the required result of |ts].
where

ket d) o (galkats)
(1)gsTk(2a + B)(6 + 1) (VqkThBa+ B)(6 +1)(5 +2)
For the Fekete-Szegd function |t3 — ut3|, consider ¢(z) = 1+ Biz + Byz? + ... if f(z)
is given by belongs to L% 5 5(¢), then
h1 (Z) -1
= — . 22
v =0 (P (22)

Since ¢(z) is univalent and h(z) < ¢, then the function below, is analytic and has a
positive real part in T.

(21)

hi(z) = m =14c1z+c2 + ... (23)

and then from and we obtain the values of hi(z) and ha(z)
1
hi = 5Bicy
and
1 1 1
hQ = 5 (CQ — 2C%> + ZBQC%,
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so, by using Lemma [2] we find

_ _ 2 _ 2
1tg_uta<(22(1H)Al)3+{( (1-X) (1-X) }h12

Tt nE+N  Haraear

< () = 20N (1-X)

As a result we obtain

_o20-n (1-X)
s it < 0= o0 YK Sspins
2= _ (1-2)
H(2) = 4K if K >2(2+)\)B,
where
(1-X) (1—-X)2 (1—-XN)2

T 22+ 0B A+nE+N Maaear
Equality is attained for the functions given by

/
z {LZ:i,ﬂ,éf(z)} C142(1-2))
Liapsf(2) -z 7

/!
z [Llifi,ﬁ,sf(z)} 14 22(1—-2))
Litssfz) —  1=22 7

Also we have
ty — ,ut2 = 71 A [C — UCQ}
3 2 2(2 + )\)B 2 L

where values of A and B are given by , and

1 (1_32_ 1= o (1—)\)(2+>\)BB%)’

T3 T R SRSV B

hence by applying Lemma [3| the result of sharp bound |t3 — ,ut%’ is proved.

Corollary 4. Let the assumption of Theorem[7 is true. Then for A =0

2(7) gk Tk(2a + B)(6 4+ 1)
(V)2q.6Tk(a + B)

|ta] <

and
2B

1

|

Now we prove the result for the class of CJ'% 5 5(N).

Theorem 8. Let the hypotheses of Theorem[9 hold. Then
(1 =N (grlERa+ B)(6+1)

(1+A)(7)2q.1Tk(a + B)
and for all € C the following bound is sharp

1-A

|ta] <

3(1-A)(2+A\)B

Y _
tg — ptl| < ———— 1,|B B} -
s ’“‘2|3(2+A)Bm"x{’ R (R \ErE

By

|

2+ NB {K 2(2+A)B}x2’ v=mf o (24)
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Proof. Since f € C% 5 5(\) then the condition

= (£2,007) |
(£ 557 ))

!

R > A, 0< A<,

is equivalent to

(£2 550 () +2 [(Lz:i,ﬁ,mz))']' = (1= () (L 550 () =€,

for some h € P. Equating the coefficients we have the values of

_ (=M
=50 aa (26)
and \ \
1— 1—
- h2 4+ h 2
ts 32+ \NB <1+/\ it 2)’ (27)

and hence by using Lemma [2| and equation (26]) we achieve the required result of |ta].
Further we obtain,
1—A
tg — put? = ———— —wvé?], 28
ST T 52 B [e2 — vei] (28)

where values of A and B are given by , and
1—A 1-XN(2+\NB
1 <1 _B, B2 3( )2+ A) 2) ’

Tt TR ga e

v ==

2
hence by applying Lemma [3| the result of sharp bound |t3 — ,ut%’ is proved. O

Corollary 5. Let the assumption of Theorem|[§ is true. Then for A =0

(Vq kR + B)(6+ 1)

ol < =, TR+ B)

and
3B

B2+B%_MA2

1
t;;—,ut%’ < GBmax{L B?

b
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