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NEW INEQUALITIES OF THE TYPE OF HADAMARD’S THROUGH
s — (a,m) CO-ORDINATED CONVEX FUNCTIONS

MUHAMMAD MUDDASSAR, MUHAMMAD IQBAL BHATTI, AND FARKHANDA YASIN

ABSTRACT. This monograph is associated with the renowned Hermite-Hadamard’s
integral inequality of 2-variables on the co-ordinates. In this article we established
several inequalities of the type of Hadamard’s for the mappings whose absolute values
of second order partial derivatives are s — (o, m)-convex mappings.

1. INTRODUCTION

The role of inequalities involving convex functions is greeted from the very beginning
and is now widely acknowledged as one of the prime dividing forces behind the evolu-
tion of several modern areas of mathematics and has been given considerable attention.
One of the well-nigh notable inequality for convex mappings is declared as Hermite-
Hadamard(Hadamard) inequality. Define as
Let a function f: I C R — R is convex on I, induces

(45 < 5 [ e < IO 1)

2 b— 2

for a,b € I, with a < b.

This inequality gives us an estimate, from below and from above, of the average value
of f:[a,b] = R for a,b € I, with a < b.

Since 1893 when Hadamard showed his renowned inequality, many mathematicians
have been working close to it, and generalizing and refining this inequality in many
dissimilar ways and with a lot of applications. In this article, we are going to talked
about some inequalities linked with Hermite-Hadamard’s on co-ordinates.

Consider a bidimensional interval A =: [I,m] x [p,q] in R? with [ < m and p < ¢q. A
map f: A — R is supposed to be convex on A when the coming inequality:

flau+ (1 — @)v,aw+ (1 — a)z) < af(u,w) + (1 —a)f(v, 2)
agrees, V (u,w), (v,z) € A A a € [0,1]. A map f: A — R is supposed to be convex

on the co-ordinates (A) when the partial mappings f, : [I,m] = R, f,(¢) = f(¢,y) and

foi[pra = R, fuln) = f(z,m) are convex, Vo € [L,m] A y € [p,q] (go through [2]). A
schematic explanation for co-ordinated convex functions might be posited as:

Definition 1. A function f: A — R supposed to ba a co-ordinated convexr on AV «, 8 €
[0,1] and (u,v), (6,%) € A, when the coming inequality agrees:

flap+ (1 —a)y, B¢ + (1= B)y) <
aff(u @)+ L1 —a)f(v,0) +a(l = B)f(r¢) + (1 —a)(d = B)f(v.¢).
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Clearly, all convex functions defined on R is also convex functions on co-ordinates
R2. In spite of this, there are co-ordinated convex functions which are not convex in
R [2]. Likewise, in [2], S. Dragomir found the next inequality of Hadamard’s type for
co-ordinated convex functions on a rectangular plane R2. See bibliography for various
latest consequences referring Hermite-Hadamard’s inequality for convex function on co-
ordinates R2.

Theorem 1. Let a function f: A — R is co-ordinated convex on A, induces

a+b c+d I c+d 1 (% (a+b
(55 >§2[b—a/f(“’ S e [ 1(55h)
=) _C//fuvdvdu
lb_a / (o, c)du+ / F(u, d)du
d d
%CL f(a,v)dv—kﬁ/c f(b,v)dv]

fla,c) + f(a,d) + f(b,¢) + f(b,d)
4
M.Z. Sarikaya et. al. in [7] proved an identity as below and build few more Hermite-
Hadamard’s type integral inequalities for co-ordinated convex functions on rectangular
plane.

IA

IN

1
4

<

Lemma 1. Let f : A C R? — R? be a partially differentiable function on A := [a, b] x [c, d]
in R? witha <b A c¢<d. If m\f € L(A), for A\, € (0,1] then the following equality
agrees:

fla, )+ fa,d) + f(b,c) + f(b,d) . o
+(b—a)(d—c)/a /C f(z,y)dydx

4

1

5 |5 [ V@a+ fedja+ o [f<a7y>+f<b7y>}dy]

— 1,1 2
c)/ /(1—2A)(1—2u)ﬂ(m+(1 — b, pet (1 — pw)d)drdp (2)
0J0 ONOp
He demonstrate in this way:

Theorem 2. Let f : A C R? — R? be a partially differentiable function on A =
[a,b] x [¢,d] in R? witha <b A ¢<d. If |2

8t8 18 a convex function on A, induces

|f<a,c> + fla,d) + f(b,c) + f(b,d) 1 /” /d
+ fx,y)dyde — A

4

62
<(b —a)(d—rc) ’dtdfs(a’ )|+ ‘dtds (a, d)‘ ’dtds(b o+
- 16 4

|0,

3)

where

b d
a=1 [bi [ e+ fdnde+ 2 [ 1)+ 10, y)]dy]
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Two more results were presented in same related to absolute value of ¢**-derivative of
a map is convex on co-ordinates on A. This paper is in the continuation of [7], which
provide more general and refine results as presented in [7].

The arrangement of this article as:, After this introduction, in section [2] we specify
a generalized convex functions and talked about few more inequalities for generalized
co-ordinated convex functions linked with Hadamard’s inequality.

2. PRINCIPAL OUTCOMES

To obtain our major consequences, we first incur the definitions below.

Definition 2. A function f : A C R? — R? is supposed to be co-ordinated s — (a, m)-
convex function on A in first sense or f belonging to the class Kf,;sl(A) ,ifV a,y,z,w €
A A A p€[0,1], the coming inequality agrees:

fQz+(1=N)z, py+(1—p)w) < X p*2* f(2, y)+ma A" (1—-p*%2) f (m w)

ma

; z zZ  w
+mm®”u—kuf(w)wmmeAM“ka””w(,)

mi myp M2

If the partially defined mappings fo(z,v) and fy(u,y) are s — (a,m) convex for some
51,82 € (0,1] and (ag,m), (a2, m2) € [0,1]2.
Definition 3. A function f : A C R? — R? is supposed to be co-ordinated s — (o, m)-

convex function on A in first sense or f belonging to the class K%‘;(A) ,ifV a,y,z,w €
A A A\p€]0,1], the coming inequality agrees:

FO@+(1=N)z, py+(1—pw) < X022 f(z, y)+mo A5 (1—p®2)%2 f (m 7:1”)
2

+m1ﬂa282(17>\a1)81f <Z7y +m1m2(17)\a1)51(1 *,LLQQ)SQJC <Z w>

m my’ ma
If the partially defined mappings fz(x,v) and f,(u,y) are s — (a,m) convex for some
51,82 € (0,1] and (ag,my), (az, mz) € [0,1]2.
Theorem 3. Let a function f : A C R? — R2 be a partially differentiable on A :=

[a,b] x [c,d] in R? witha < b A c<d. If % belonging to the class K, (A) and
9% f

INOn

€ L(A), induces the following inequality agrees:

Fla,) + flayd) + F(b,) + F(bd) i g
1 —|—(b_a)(d_c)/a/cf(x,y)dydz—A‘

cb-a)ld-¢ [BC{’ & ggy (wslc)’}

= 1 avop @9 Tm

1 1 0% f d Pf (b d
- Z_ i I 4
+(35) (-0) {m oo (o) [+ o o G )} ) 0
where
1 1 2 1
B= - — ) + _
2(’”51(&181 + 1) 20151 (()(151 + 2) o181+ 2 a1s1 + 1
and ) ) )
1
C

- 20252 (a282 + 1) B 20252 (04282 + 2) + a9S9 + 2 B Sy + 1
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Proof. Taking numerical value of equation [2| implies

|f(a,c)+f(a,d)Jrf(b,c)Jrf(b,d)+ b_ald_C /b/df(x,y)dydx/l’

4
_(bai//u 2|1 —249)

2
Since ‘% is s — (a,m) co-ordinated convex on A, then we have

8)\8 (1=X)b, pe+(1— )d)’ dAdp (5)

// (1= 201 ”’ma (Ma+(1 )\)b,uc—&—(l—u)d)‘dtds

S / / |(1 - 2)\)H(1 — QM)I |:)\06131M04232
0J0
s asgs 62 d
o) L2 (o )

+m1m2(1 — )\04151)(1 — /,LOQSQ)

oo ) ‘

+m]j1/a232(1 _)\alsl)

Now consider the integral

/| 1-20) |[/ (-2l { e

2 (b 2 (b @

N \my’ X \mq1 ' mo
! «181,,(282 2f 82f d

ot 2 {5 e (w2

Pf (b

ONOu ml’c

Fmama(l— A (1 —p22%2) %(ml mz)‘} ]

Applying simple integration rules and simplifying, we have

o2 f d
(1-2 azs =
/ 1= 24) H oxop <m>’}
1 1 n 2 1
20181 (04151 + 1) 2a151 (04181 + 2) 181 + 2 o181 + 1

+ m 282 82f i c az‘f i i
14 N \'my’ AN \'m1’ mo

1_ 1 B 1 n 2 B 1 d (8)
2 20‘151(011814—1) 20‘151(041814-2) a181+2 a181+1 H

2

0
axg (2,¢)

+m2)\0£1 91( Ma292)

0% f d
OO . ma

Fmau 31—\ +myma (1= A1) (1 — p2%2)

+m2)\a181(1 _M0252)

+mW02 S2(17>\0t1 81)

%S (a0

DY +myg (1 — p2%2)

0282)

+myma (1 —p
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Now further, we have

1

JAICEER) [{u

2

/
oo © )

g (1= i)

ansa | O (D wasar | 2F (b d 1
emanr g (e )fpmams (1new | <mm)‘ (5-8)]

! 282 82f 282 62f d
+/§ =) {0 ma e | () oy

(I=p2)

+{m1,ua282

aAéfu ( )

After doing simple integration and appointing

2f b i
8)\8u m1 mo

1 1 2 1

c— - -
20252 (04282 + 1) 20252 (04282 + 2) + 9S8y + 2 Sy + 1

we have . Which fills out the proof. ([

Remark 1. By adjusting s; = s2 = 1 and (a1,m1) = (a2, me) = (1,1) inequality
cuts down to 7, Theorem 2].

Theorem 4. Let a function f : A C R? — R? be a partially differentiable on A :=
q
[a,b] x [c,d] in R? witha < b A ¢ < d. If‘% ,

for ¢ > 1 belonging to the class
K5 (A) and aiaf € L(A), then the following inequality agrees:

|f(a70)+f(aad)1‘f(b’c)+f(b’d)-|- T _c//fxydydfﬂ— ‘

3 (b~ a)(d o) |E=y 21 (o)
B 4(p + 1)%(04181 + 1)(0[282 + 1) a)\ali ’ a)‘au ’ ma

0 f b d
355 (o )

q

+ maaass

*f (b |
N ml’c

+mion sy + Mimaa1 025152
where p and q are conjugate numbers.

T. 0)

Proof. Applying Hélder Inequality on , we have

fla,0) + fla,d) + f(b,c) + f (b, d) ! b )
‘ 4 +(b_a)(d_c)/a /c [z, y)dydz A‘

<ol (/01/01|(1—2A)(1—2M)|pd/\du>;

(/01/01 ‘ai;i (Aa+(1 = A)b, pe+(1 — p)d)

1
q

qud,u) (11)
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//|1—2)\ (1 — 2u)|PdAdp = //|1—2>\\p (1 — 2p)|PdNdu
:</0 (1- 2)\)Pd)\+/1(2)\ 1)Pd>\> (/0 (1— 2u)pdu+/ (2— 1)pdu>

2 2
B 1
S (p+ 12
q
%‘ is s — (@, m) co-ordinated convex on A, and so becomes

// ‘am 0= e 1= | = // e st

82f i an

OO & e OXOp \my ¢
s aos an b d

Frmama (1= X = w5, <m1mz>

1 2f 0% f d\|?
= (a,c) A @ —
(181 + 1)(agsy + 1) \|ONOu OO mo
2 2 q
o (b 2 (b A\ gy
OO \mq OXOp \'m1 mo
and together implies . O

Remark 2. By adjusting s1 = s2 = 1 and (a1, m1) = (az,m2) = (1,1) inequality
cuts down to [7, Theorem 3].

Here,

-

Since

)

+{rn/2)\0¢1 S](l _ ’LLOLQ 32)

_;'_mlu(yzsz( )\01181)

q
] dXdp

q
+ maa2ss

q

+mia Sy + mimoai2S152

Theorem 5. Let a function f : A C R? — R? be a partially differentiable on A :=
q

[a,b] x [c,d] in R? witha < b A ¢ < d. If‘g:g; ,

K5 (A) and f ¢ L(A), then the following inequality agrees:

for ¢ > 1 belonging to the class

ONOp
|f(a,c)+f(a,d);jﬂwf(lw)Jrf(bvd)+ - _C//fa;ydydac— ‘
(b—a)(d—c) 02 f ! *f (b
<42“IU{BC{‘8A6M(“’C) T xon <m1’6> }

q
+ mime

q}f, )

D*f d Pf (b d
#1=B)10) {ma | (o0 ) o (o)

wherep and q are conjugate numbers and B and C comes from Theorem [3

Proof. Applying power mean Inequality for double integral on ([5]), we have

fla,c) + f(a,d) + f(b,c) + f(b,d)
‘ 1 + b= _C//fxydydx A‘

< b-a)d—0 (/ / (1 —2)) 1—2u)|d/\dp>
(/0/0|<1—2A><1—2u>| o/

1
q a

d)du) (15)

Sy (ot (L= Vb e (1))
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Here,
1ol
/ (1= 22)(1 — 2p1)|dAdp = //\1—2/\)||(1—2u)|d/\du
o Jo
1 1 1
O (1—-2)\) d)\—i— (2)\—1)d)\> </ (1—2u)du+/ (2u—1)du>
3 0 3
1
— 1
=1 (16)
Since ﬂ‘q is s — (@, m) co-ordinated convex on A, and so becomes
Otds ’ ’
1 rl ) f q
1-— 1-—
I/ T N)b, e (1~ )d)| - dAd
q
// L e e i
aisi(] Q289 62f d @89 @181 aQ.f b !
A g >amﬂ<’m2) e -xme | L ()
o f bood |
_ @181 Q282 _ . 1
pmgma(t =31 =) | S8 (2 e an)

further, we have

1 3
/(1—2@& 1=z
0 0

o’ f ai
N\ ma
Q282 1871 32‘]" b ! a181
+map 21— A )8A8u< c) +myma(1—-A*1)(1—
1 2
—|—/ |(1—2)\)|{)\°‘151,u0‘252

2 q
o°f b d QI
AN \m1 mo
0*f e O*f (|
Q181 _ Q282
oop @ 0| HmATTLpt ) ae e
%f (b | f (b d
- 1_)\0¢131 1— Q282
a/\alu (mlac) +m1m2( )( 2 ) Aa <m1 mg)
Applying simple integration rules and simplifying, we have
0252 9? f ! ansas | OF d \|?
1 1 n 2 B 1 )
20151 (a181 + ].) 20151 (0[181 + 2) o181+ 2 o181+ 1
0% f b e 0% f b d\|?
Q282 | _~ J _ 1— -
+{m1,u N (ml’c) Fmams (1—p I\ (ml’m2> }
1 1 1 2 1
( - + - )] du (19)

q q

0 f
OO

+m2)\06181(1 _Mazsz)

(a,¢)

a252)

} dx} du (18)

'Hn],U/aQ 52(]__)\061 81)

0282)

20‘151(011814-2) a181+2 a181+1

2 251 (ays;+1)
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Now further, we have

[t =2t {2 of oo | 2L (0 )
e (o S5 ) oo

n / 1|<2u—1)|[{w252 @ +ma 1 o) o (a2) q}(B)
e e o N

Where B is already defined in Theorem [3] as

1 1 2 1

B= - -
2a151 (a181 + 1) 20151 (0(151 + 2) + o181+ 2 a1s1+1

After executing simple integration on and appointing

we

to

C— 1 1 n 2 1
o 20252 (a282 + 1) 20252 (a232 + 2) a9S9 + 2 Sy + 1
have (14]). Which fills out the proof. O
Remark 3. By adjusting s1 = so = 1 and (a1, m1) = (ag, ma) = (1,1), cuts down
[7, Theorem 4].
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