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ON SUBCLASS OF HARMONIC UNIVALENT FUNCTIONS DEFINED
BY GENERALIZED SALAGEAN OPERATOR AND RUSCHEWEYH
OPERATOR

MOHAMMAD AL-KASEASBEH AND MASLINA DARUS

ABSTRACT. A subclass of complex-valued harmonic univalent function defined by
generalized Salagean operator and Ruscheweyh operator is introduced. Coefficient
bounds, distortion theorem, and other properties of this class are obtained.

1. INTRODUCTION AND DEFINITIONS

In any complex domain G a continuous function f = u + v is said to be harmonic in
G if both uw and v are real harmonic in G. A harmonic complex-valued function might
be expressed in terms of analytic functions, h and g, in simply connected domain D C G
as f = h+g. We call h the analytic part and g the co-analytic part of f. A necessary
and sufficient condition for f to be locally univalent and sense preserving in D is that
W (2)] = 1g'(2)| in D (seefd]).

Denote by H the family of functions f = h + g, that are harmonic univalent and sense
preserving in the unit disc U = {z : |z| < 1} for which f(0) = f,(0) — 1 = 0. Thus for
f=h+7in H we may express the analytic functions h and g as

h(z) =2+ awz®,  g(z)=) bpz*, 0<bi <L (1)
k=2 k=1

Note that the family of harmonic univalent functions H, reduces to the class of analytic
univalent functions S, which can be written in the form

f(z)= z—i—Zakzk (2)
k=2

if the co-analytic part of f = h + g is identically zero that is g = 0.
Also denote by T (see [7]), the subclass of H consisting of all functions f = h+g where
f and g are given by
h(z) :z—Z|ak|zk, g(z):—2|bk|zk, 0<b <1. (3)
k=2 k=1
Definition 1 ([2]). Let f(z) be given by (4), A > 0, and n € Ny. Then the differential
operator DY is defined by

DY =z+Y [1+Ak—1)]"arz". (z e U)
k=2
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Definition 2 ([]). Let f(z) be given by (), B > 0, and n, o € Ny. Then the operator
Ry, 5 is defined by

RLgf(2) =2+ [L+B(k—1)]"C(a, k)ax2", (z € U)
k=2

where C(a, k) = (’Ha*l).

e}

Next definition provides a linear combination between DY} and RY, 5 which was intro-
duced in [I].

Definition 3 ([1]). Let f(z) be given by (@, A B,y >0, andn,a € Ng. Then the operator
DY .5~ is defined by

DX apyf(2) = (1 =7)Rg s f(2) + DX f(2). (4)

In 2002, Jahangiri et al. [5] introduced the modified Salagean operator of harmonic uni-

valent function. In 2003, Murugusundaramoorthy [6] introduced the modified Ruscheweyh

of harmonic univalent function. In the next definition we will modify the operator in Def-
inition Bl to harmonic univalent function.

Definition 4. Let f = h+ g be given by , A B,y >0, and n,a € Ng. We define the
following differential operator

~§’,a,5,'yf<z) = z\L,a,ﬂ,'yh’(z) + D;f,a,ﬂ,fyg(z)7
where DY, , 5 f(2) given by.
We let Dy (n, A\, o, 8,7, 1) denote the family of harmonic functions f = h+ g for which

#{(Dhasnt()) } 20 Gev)
We further denote by Dr(n, A, «, 8,7, i), the subclass of Dy (n, A, a, 8,7, 1), where
Dr(n, Ao, 8,7, 1) = T N Dy(n, A, v, B, 7, ).
2. COEFFICIENT BOUNDS

In this section, coefficient bound of the classes Dy (n, A, o, 8,7, 1) and Dy (n, A, o, 8,7, 1)
are given.

Theorem 1. Let f = h+ g given by , 0<pu<l,n,a€Nga =1,\08,~v>0.If

- w(n7k’A7aﬁ7’Y) w(n7k’A7a/8’7)
D 2Dy <2, 5)

k| + 1

where
Then f is sense preserving, harmonic univalent in U and f € Dy(n, \, a, 8,7, ).

Proof. Note first that

B (2)] > 1= tb(n, kA aB,y)|ax|[z[*!
k=2

> " ab(n kA B,7) bg| |2

k=2
> |g'(2)l;
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so that f is locally univalent and sense preserving.

To show that f is univalent in U, we consider that holds. If g(z) vanish, then f
is analytic. And then, the univalence of f comes from its close-to-convexity. If g(z) # 0
and zp, zo are any distant points in U, then

f(21) = f(z2) _ 9(z1) — g(22)
h(z1) —h(z2)| = ‘hm) ()

s ek — o)
= (21— 22) + 2 p i an(2f — 25)
> 1— Z;iozok|bk|
1 =2 ks kla
oo n,k,\ a3,
g T R
— ) k,\,
-, p(n, 1,§ﬁ7)|ak|
> 0.

Therefore, f is univalent.
Using the fact that Rw > p if and only if |1 — g+ w| > |1 4+ p — w], it is suffices to
show that

> 0. (7)

1=t (Basad () | = [1= 0+ (DRas 1))

I
Substituting for ( N aB, 7f(z)> in (H) yields

1=t (Bt () | = [1= 0+ (DRasf12))

>2(1—p) =2 P, kA aBy)larllz[FT =2 g,k A aB,y) bz

k=2 k=2

= k, A = k, A
_ 2(1 _ ,LL) {1 _ Z '(/}(77‘7 1’736,7) |ak| _ Z 1/)(7% 1,’3677) bk|}
k=2 k=2
o 31— ) {1 B (Z w(n’k{f’fjﬂm s S W’ﬁ’f’zﬁ’w'bk') }
k=2 k=2

This last expression is non-negative by , and so f € Dy (n, A\, «, 8,7, 1). O

Theorem 2. Let f = h+ g be given by . Then f € Dy(n, A\, a, B,7, 1) in and only if

/(p(n? k’ A? aﬁ?’}/)
I

ak| + |bk| < 2. (8)

1—

- ¢(n7k,>\70¢577)
>~

Proof. Since Dr(n,\, a, 8,7, 1) C Dy (n, A, «, 8,7, 1), we only need to prove the ”only
if” part of the theorem. To do so, assume that f € Dy(n, A, o, 3,7, 1). Then by we
have

RU(DY g F(2)) ) = RA(D o h(2) + (D apr9(2)) )

. {1 S kA Bl — Z¢(n,k,A,aﬂ,7)|bk|zlJ€1} > p.
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If we choose z to be real and let z — 17, we get

1-— Z¢(n7k7A7aﬂa7)|ak| - Zw(n7ka)‘7a577)|bk| > e

k=2 k=1
Which is precisely the assertion of Theorem O

3. DISTORTION THEOREM AND EXTREME POINTS

In this section, distortion theorem and extreme points of the class Dy (n, A, a, 8,7, i)
are obtained.

Theorem 3. If f € Dr(n, A\, o, 8,7, 1),0 < p < I,n,a € Ng, a1 = 1,\, 8,7 > 0, and
|z| =r <1, then

1*# 1/}(77,,1,)\,0[5,')/) 2
If(2)] < (1+ |by])r + <¢(”’27)\70‘5>7) - w(n,2,)\,a5,7)|b1|> "

and

1_:u ¢(n717)\5aﬁ77) 2
<(1-1|b — — b
JE= (ol (¢<n,2,A,aﬁ,v> b2 nago) )
where Y(n,1,\, o B,7) given by (6).
Proof. We will only prove the right hand inequality. The argument for the left hand
inequality is similar. Let f € Dy(n, A, «, 8,7, 1) take the absolute value of f, we obtain

@) < @+ b+ (lan] + [ba]) 7"
k=2

< (L oy + Y (law] + o) 2
k=2

That is,

1_/1‘ - w(n72ﬂ)‘aaﬂ7’y) ¢(n727)‘7a577) 2
£ < (ot babr + o s (kz o0 8gy  HR A |bk|> .
1_11' w(na17)‘7a67’7) 2
1/}(77’727)‘50‘5’7) (1_ 17” |b1|>r
1_/14 (w( 1_/14 1/)(n717)\70£»377)|b1|) 7,2.

v(n,2, M a8,7) \¥(n,2,\,aB,y)  ¥(n,2,\a0b,7)

< (1 + |b1|)7" +

< (14 |by])r +

Corollary 1. Let f be of the form so that f € Dy(n, A\, o, 8,7, ). Then
Y, 2,\aB,y)+p—1 Y(n,2X\aB,y)—¥(mn1,\ab,7)
¥(n,2,,a8,7) ¥(n,2,,a8,7)
C f(U).
Theorem 4. Let f = h+ g be given by. Then f € Dr(n, A\, a, 8,7, 1) if and only if

oo

f(2) =D (Grhi(z) + onge(2))

k=1

|b1]}

{w: |w| <
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where
hi(z) =
L—p k
— k=2,3,..
hk(z) z 1/)(7172’)\704677)2 9 ( 737 )a
1—
gk(2) = z — H z" (k=1,2,..),

b2 N ap)

Z5k +or =1,
k=1

0k > 0,01 > 0. In particular, the extreme points of Dr(n, A\, a, 8,7, p) are {hy} and {gx}.
Proof. Any function f in Dy (n, A, «, 3,7, 1) can be expressed as

NE

f(2) =) (Orxhi(z) + orgr(2))
k=1
e o e —k
;5””’“ Z:ank)\aﬁ, Zl nk)\aﬂ, 5k
Then
 p(n, kA aB,7) P(n, k, N\ aB,7)
;T\akuk 1—|b \_Zak+zak_1—51<1

Therefore, f € Dyr(n, A, «, 8,7, 1).
Conversely, suppose that f € Dy(n, A\, a, 8,7, ). Setting

o= MR ROBT (=23,
o — wbk’ h=1,2,.),
— [

where > 77, 6 + 0 = 1, we obtain

Z (Oxhi(2) + orgr(2))
k=1
as required. (I

4. CONVOLUTION PROPERTY

The convolution of two harmonic functions

o0 o0
2)=z-Y laxlz" = |bil7,
k=2 k=1
and

2)=z-Y |Axlz" =) Bz,
k=2 k=1
where |Ag| <1 and |By| < 1, define as

(fx F)(2) = f(2) * F(2)

oo o0

=z— Z |a;€||Ak|zk — Z |bk||Bk|§k.

k=2 k=1
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The convolution property of Dy(n, A, a, 3,7, i) is given in the next theorem.

Theorem 5. For 0 < p; < pe < 1, let f(z2) € Dr(n, A\, 8,7, p2) and F(z) €
Dr(n, A\, o, 8,7, p1). Then

(f*F)(Z) S DT(H,)\,O{,ﬁ,’Y, I'LQ) C DT(TL,)\,O{,B,’}QM]).

Proof. Since f and F' are in Dy. Then

— ¥(n,k, A\, aB,7) — V(n, k,\ a8,y
Zli—lakHAH _Zli—)wkHBk'
k=2 M k=1 M

Y(n, kA aB,7) = p(n, kA aB,7)
ekl = ) 1 bl
pi1 P fi1

b
[|
v

M

v(n, k, N\, apB,y > v(n, kA, a B,y
QMH *Z%\bﬂ
k=1 2

P L —p2
<1.
Thus,
(f = F)(2) € Dr(n, A, o, B,7, p2).
Since 0 < g < po < 1, we get Dr(n, A\, a, 8,7, p2) C Dr(n, A\, @, 8,7, p1)- O
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