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PERIODIC SOLUTIONS FOR TOTALLY NONLINEAR NEUTRAL
DELAY DIFFERENCE EQUATIONS

ERNEST YANKSON AND EMMANUEL K. ESSEL

ABSTRACT. We obtain sufficient conditions under which solutions of certain classes
of totally nonlinear neutral delay difference equations are periodic. A reformulated
version of a fixed point theorem of Krasnoselskii is used to arrive at the main results.
The results obtained in the paper generalizes the work in [§].

1. INTRODUCTION

Periodic solutions of difference equations has been studied extensively in recent times.
We refer to [1]-[2], [E]-[9] and the references therein for a wealth of information on this

subject.
In this paper we study the existence of periodic solutions of the equation
Az(n) = —a(n)h(z(n+1))+ c(n)Az(n —1(n))
+ G(n,z(n),z(n —7(n))), Vn € Z, (1)
where

G:ZxRxR—=R,

with Z and R being the set of integers and real numbers respectively. Throughout this
paper A denotes the forward difference operator Az(n) = x(n+1)—2(n) for any sequence
{z(n),n € Z}. In [§] the authors considered (1)) when h(z(n + 1)) = z(n).

2. PRELIMINARIES

Let T be an integer such that T > 1. Define Pr = {9 € C(Z,R) : p(n +T) = p(n)}
where C(Z, R) is the space of all real valued functions. Then (Pr, ||.||) is a Banach space
with the maximum norm

llll = poax lp(n)]-

Also, for any L > 0, define
M={pePr: |lg| <L}
In this paper we assume that
a(n+T)=a(n), ccn+T)=c(n), 7(n+T)=17(n), 7(n) > 7" >0, (2)
for some constant 7*. Suppose further that
a(n) >0, (3)
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and
Gn+T,2,y) = G(n,z,y). (4)

Moreover, we also assume that G is Lipschitz continuous in z and y. That is, there are
positive constants ki, ko such that

|G(n,z,y) — G(n, z,w)| < k1|lx — z|| + k2l|ly — w||, for z,y,z,w € R. (5)

Lemma 1. Suppose that and hold. If x € Pr, then x is a solution of equation
(1) if and only if

14+ a(n—1)
X [ an a(r)(z(r + 1) — h(z(r + 1)) :i:[:(l +a(s) ™!
n nf {x(r —7(r)o(r) + G(r,z(r),z(r — 7(r }H”“ ]
T:"‘T (6)
where
) = o el ™

Proof. Let x € Pr be a solution of . Rewrite as
Az(n) +a(n)x(n+ 1)
=a(n)z(n+1) —an)h(z(n+ 1)) + c(n)Az(n — 7(n)) + G(n,z(n), z(n — 7(n))).

We consider two cases; n > 1 and n < 0. Conbiderlng first the case when n > 1
by multiplying both sides of the above equation by []._ (1 + a(s)) and summing from
(n—=T) to (n— 1) we obtain

Z A[ﬁ (1+a(s)a(r)]

Z a(r){z(r+1) — (x(r+1))}1:[(1+a(5))

Z (M Ax(r —7(r)) + G(r,x(r), z(r — 7(r }H +a(s

r=

Which gives

10 +a(sDem)— ] (1+a(s)etn—T)

s=0 s=0

= Y alalr+ 1) — hla(r+ 1)} [0 +a(s)
r=n—T s=0

+ {e(r)Az(r = 7(r) + G(n,2(r),x(r = 7(r))} [T (1 + als)).

r=n—T s=0
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By dividing both sides of the above expression by H:;Ol(l + a(s)) and the fact that
x(n) = xz(n —T), we obtain

wm) = (1= I Q+a))” 0
s=n—T
x| " a(r)(a(r + 1) — h(z(r + 1)) ]:[(1 +a(s) "
n—1

+ Z {c(r)Az(r —7(r)) + G(r,z(r),z(r — 7(r }H (14 a(s }

By performing a summation by parts on the above equation we obtain

n—1 n—1

Y erAa(r —7(r) [T +als) ™ 9)
r=n-—T s=r
_cn—1) -
_71_‘_(1(”_1)3:(71—7' ( H (1+a(s )

S=n—

(L

z(r—7(r) H 1+a(s)™?,
r=n-—T s=r

where ¢ is given by @ Finally, substituting @[) into completes the proof.
Now for n < 0, equation is equivalent to

0

A[ I1 o+ a(s))x(n)]

s=n—1
0
= a(t){z(n+1) — } H 1+a(s

0
+ {c(n)Az(n — 7(n)) + G(n,z(n),z(n — 7(n)))} H (I1+a(s
=n—1

Summing the above equation from (n — T) to n — 1 we obtain (6). O

In the proof of our main theorem, we employ a fixed point theorem in which the notion
of a large contraction is required as one of the sufficient conditions. First, we give the
following definition which can be found in [4].

Definition 1. Let (M, d) be a metric space and B : M — M. B is said to be a large
contraction if 1, o € M, with ¥ # ¢ then d(By, BY) < d(p,v) and if for all e > 0 there
exists 6 < 1 such that

[, € M, d(p,9) = €] = d(Bp, BY) < bd(p, ).

The next theorem, which constitutes a basis for our main result, is a reformulated
version of Krasnoselskii’s fixed point theorem.

Theorem 1 (Krasnoselskii-Burton [4]). Let M be a bounded convex non-empty subset of
a Banach space (S,]].]|). Suppose that A, B map M into M and that

(i) for all x,y € M = Az + By € M,
(ii) A is continuous and AM is contained in a compact subset of M,
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(iti) B is a large contraction.
Then there is a z € M with z = Az + Bz.

For the next lemma we make the following assumptions on the function h: R — R.

) h is continuous on Uy, = [—L, L].
) h is strictly increasing on Uy,.

) SuPser, nz Ah(s) < 1.
)
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s,r € Uy with s > r.

Lemma 2. Let L be a positive constant and h : R — R be a function satisfying (H1) —
(H4). If (Hp)(n) = o(n+ 1) — h(e(n + 1)), then H is a large contraction on the set M.

Proof. Let ¢, € M with ¢ # . Then ¢(n + 1) # ¢(n + 1) for some n € Z. Define the
set

Dg,p) ={ neZ:o(n+1) £pn+1)}.
Note that ¢(n + 1) € Uy, for all n € Z whenever ¢ € M. Since h is strictly increasing
hp(n+1)) = Mg(n+1)) _ h(d(n+1)) = hp(n +1))

= >0 10
o+ 1) = d(n+1) S+ 1) —pln+1) (10)
holds for all n € D(¢, ). By (H3) we have
1> sup Ah(i) > inf Ah(s) > 0. 11
> swp ARG)Z nf Ab(s) > ()

Define the set U, C Uy by U, = [p(n +1),¢(n + 1)]NUL if ¢(n+1) > o(n + 1), and

Up=[p(n+1),o(n+1)|NUL if p(n+1) < p(n+ 1), for n € D(¢, ). Hence, for a fixed

ng € D(¢, ) we get by (H4) and that

h(¢(no +1)) — h(p(no + 1))
¢(no +1) —p(no +1)

Since U,, C Uy, for every n € D(¢, ), we find

sup Ah(u) > sup{Ah(u) : u € Uy, NZ} > inf{Ah(u) : u € Uy, NZ} > inf Ah(u),
weULNZ welrNZ

sup{Ah(u) :u € Uy, NZ} > > inf{Ah(u) : u € Uy, NZ}.

and therefore,

he(n +1)) = h(g(n + 1))

L2 S A ) gt 1)~ webing MM 20 (1)
for all n € D(¢, ). So, yields
((H¢)(n) — (He)(n)| = |op(n+1)—h(d(n+1)) —p(n+1)+ h(e(n+1))|

- e - ()

6n+1) = pln+D|(1— inf Ah(w) (13)

IN

for all n € D(¢,¢). Thus, and imply that H is a large contraction in the
supremum norm. To see this choose a fixed € € (0,1) and assume that ¢ and ¢ are two
functions in M satisfying

[¢—ell= sup [op(n+1)—pn+1)]>e
n€[—L,LINZ
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If |p(n+ 1) — p(n + 1)| < €/2 for some n € D(¢, ¢), then from

1
((He)(n) = (He)(n)| < [o(n +1) —p(n+1)| < Sl — ¢l (14)
Since h is continuous and strictly increasing, the function h(u + §) — h(u) attains its
minimum on the closed and bounded interval [—L, L]. Thus, if § < |¢(n+1) —p(n+1)|

for some n € D(¢, ), then from and (H3) we conclude that

| Mo +1) ~ h(p(n + 1)

~ odn+1)—pn+1) >4

and therefore,

[(H¢)(n) — (Hep)(n)|

IN

h(g(n +1)) — hlp(n + 1)
6(n+1) = ol + {1 = =TT

1 =Mlen+1) —pn+ 1), (15)

IN

where

1 €
A= Emln{h(u—i— 5) —h(u),u € [—L,L]} >0
Consequently, it follows from and that

[(Ho(n) — (He)(n)| < 6ll¢ — ol],

where § = max{%, 1-—- )\} < 1. The proof is complete. (]

3. EXISTENCE OF PERIODIC SOLUTIONS

In this section we prove our main results. We begin by defining the maps A, B : Ml - M
as follows

o) = gt ) + (1 H (+ae))
X Z{gpr—r o(r) + G(r,o(r), o(r — 7(r }H1—|—a )
r=n—T
(16)
and
Bom = (1- [ a+ae™)
s=n—T
n—1 n—1
X a(r)(z(r+1) = h(z(r + 1)) [T +a(s)) " (17)
For the rest of the paper we make the following assumptions.
(k1 + ko)L +|G(n,0,0)| < BLa(n), (18)
[¢(n)| < da(n), (19)
cn—1) |
b [T afn -1 | = 2
JB+a+0d) <1, (21)

where a, 3,0 and J are positive constants with J > 3.
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Lemma 3. Suppose — and — hold. Then the mapping A : M — M defined
m is continuous in the mazximum norm and maps M into compact subsets of M.

Proof. We first show that A : M — M. Let ¢ € M. Then

n+1T-—1 _
(Ap)n+T) = 1i(Z(ZfTi)1)g0(n+TT(n+T))+(1 [T Gtae))

n+T—1 n+T—-1

X Z{W“—T o(r) + Gr,(r), o(r — 7(r }H

c(n—l) n+7T-1 . 1
_ 71+a(n_1)cp(n—7'(n))+<1— 1;[ (1+a(s) ")
n+7T-1 n+7T-1
x Z {o(r =7(M)e(r) + G(r,o(r),o(r —=7(r))} J] (1 +a(s)™

S=r

sS=n

Let j =r — T, then

B n+T—1 o
(Ap)(n+T) = 1i(an(nl)1)<p(n —7(n))+ (1 - H (1+ a(s))—l)
n+T—1 "
x D el +T =7 +T))oG +T)
— n+T-—1
+GGHT, e +T)0(i+T—7G+T))} [ (1+als)
s=j+T

Now let £k = s — T, then

e(n—1)

(Ap)(n+T) = mw(n —7(n)) + (1 — H (1+ a(k))—l)—l

n—1
x> el — 7))

j=n=-T

+ G (), el =N} [T +a(k) ™ = (Ap)(n).

Consequently, A : Pp — Prp.
In view of we have that

|G(n,x, y)| = |G(n,x,y) - G(na 0, O) + G(na 0, 0)|
< |G(’I’L,J3,y) - G(’I’L, Oa 0)| =+ |G(’I’L, Oa 0)|
< kel + Ellyll +1G(n, 0,0)].
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Also it follows from (3)) that 1 — []_ i (14 a(s))™ > 0. So, for any p € M, we obtain

(Ap)(n)| < lj(;”‘(‘ljwn—ﬂ >>|+(1—:1jT<1+a<s>>—1)_1
x nle{lw—T o)+ G, o(r), o (r = 7(r I}H
< o+ (1- m (1 +a))
x ZT{éLa k1+k2)L+|G(rOO|}nl_[1 a(s)) ™!
< aL+( j__l ) _X_j {(6 + B)La( )};f[:(1+a(s>)1
< ari(1- 1 (+a) ™) G+AL S [nHlHa(S))‘l}
oo e e
- (a+5+ﬂ)L§§<L.

Thus Ay € M. Consequently, we have A : Ml — M.

We next show that A is continuous in the maximum norm. Let ¢, € M, and let
n—1
cn—1 -1

=) (a(s)™)

= PR S A— — 1_
pr= s o] e = e (
s=n—T
He = max |¢(r)].

Let € > 0 be given. Choose n = ¢/p where p = p; + uQT(MS + k1 + ko) such that
o — || < n. Note that from (3), we have max, cp,—rr—1] [T5 (1 +a(s))"' < 1. Thus,

|(Ap)(n) — (wa )I

c

< |2 - ‘Hw vl
n—1 n—1
(1= I1 a+asn™) " X {le—vllow)
s=n—T r=n—T
G, (), plr = 7(r) = Glr, (), w(r = )|} [T+ a(s) ™
<pullo—vll+m Y {palle— vl + (ki + k2)lp ]}
r=n—T

< {11+ maT (s + by + ko) bl = vl < e

Therefore showing that A is continuous.

Next, we show that A maps bounded subsets into compact sets. Since M is bounded
and A is continuous, AM is a subset of R” which is bounded. So, AM is contained in a
compact subset of M. The proof is complete. O
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Lemma 4. Suppose — and hold. Also, suppose that

max((1(-L)], 1) < L=E (22)

For A, B defined by and respectively, if p,v € M are arbitrary, then
Ap+ By : M — M.

Proof. Let ¢, € M be arbitrary. Using the result of Lemma [3] we obtain

(Ap)(n) + (BY)(n)]
e(n—1) - -1
< Dt (o- T st
X Z {le(r = r)llo(r)] + G (r, ¢(r), o(r —7(r I}H (1+a(s
n—1 _1
+ (1= I a+a)™)
s=n-—T
xmax(|H(=L)|,[H(L)|) Y a(r) [J(1+a(s)"
r=n—T s=r
I n—1 _1
< T+ (1—8_1;[T(1+a(s))_1)
x max(|H(—L)|, |[H(L Z A[H (1+a(s)) ™"
r=n—T s=r
L (J-1)L
syt =t
Thus Ay 4+ Bt € M. This completes the proof. O

The next result gives a relationship between the mappings H and B in the sense of a
large contraction.

Lemma 5. Let B be defined by and assume that - and hold. If H is a
large contraction on M then so is the mapping B : Ml — M.

Proof. We will first show that B maps M into itself. Let ¢ € M then

n+7T-1 1
BOn+T) = (1= ] (+as)™)
n+;‘f w471
X Z w(r+1) = h(z(r+1) [[ Q+a(s)™"
Let j =r — T, then
n+T—1 1
(Be)(n+T) = (1 - I a+ a(s))‘l)
n+T sl_n n+T-—1

x Z a(j + TG +T+1) = h(z(G+T+1) [] @ +als)™
s=j5+T
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Now let £k = s — T, then

(Be)n+T) = (1= ] (1+a(s))*1)_1
s=n—T
n—1 n—1
x > a() (@G +1) —ha@+ 1) [T +as)"
r=n-—T1 k=j
= (By)(n

That iS, B: PT — PT.
In view of , we have

n—1 _1
(Be)m)| < (1- T[T (+a(s)™)
s=n-—T
< 3 Jat)llH(p(r+ 1) T +a(s) ™ (23)
r=n—T s=r
(J—1)L
< <L (24)

That is By € M and consequently we have B : M — M.
We next show that B is a large contraction. If H is a large contraction on M, for
x,y € M, with x # y, we have ||[Hx — Hy|| < ||z — y||. Thus, it follows from the equality

a(r) TT (1 +a(s)) ™ = Al o+ a(s) ']
that
n—1

|Bx(n) — By(n)|

IN
~~
—
|
—~
—
+
S
—~
w
=
=

-
~—
L

s=n-—T
< 3 a(n)H(a(r+ 1)) — Hiy(r+ 1) [[(1 + als)~"
r=n—T s=r
< fe-sl(1- I G+asn)
< S al) [0 +als) " = oyl
r=n—T s=r
Thus
1Bz — Byl < ey,

One may also show in a similar way that
|Bx — Byl < dllz—yl|
holds if we know the existence of a § € (0,1) and that for all € > 0
[z,y € M, [lz —y[| > 0] = [[Hz — Hy|| < d[lz —yl|.
The proof is complete. O
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Theorem 2. Let (Pr,||.||) be the Banach space of T-periodic real valued functions and
M = {¢ € Pr: |l¢|| < L}, where L is a positive constant. Suppose that (2)-(5) and
- hold. Then equation has a T-periodic solution  in M.

Proof. By Lemma 1} ¢ is a solution of if
¢ =Ap+ B,

where A and B are given by and respectively. By Lemma (3, A : M — M is
completely continuous. By Lemma 4] Ay + By € M whenever ¢,1¢» € M. Moreover,
B : M — M is a large contraction by lemma [5] Thus all the hypotheses of Theorem [I] of
Krasnoselskii are satisfied. Thus, there exists a fixed point ¢ € M such that ¢ = Ap+ Bep.
Hence has a T— periodic solution. [l
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