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NEW INTEGRAL SOLUTIONS FOR A
THERMOELASTIC QUARTER-PLANE

ION CRETU

ABSTRACT. In this paper new influence functions on the thermal displacements and
stresses of a unit point heat source for a boundary value problems of thermoelastic-
ity for a quarter-plane were obtained. Also, new integral solutions of Green’s for a
boundary value problems were derived, thermal stresses caused by the temperature
gradient acting on a segment of the boundary line were calculated. All these results
are presented in terms of elementary functions for canonical domains of Cartesian sys-
tem coordinates. Using the computer program Maple 18, the graphical presentations
of thermal stresses caused by a unit point of heat source and of thermal stresses for
one boundary value problems caused by the temperature gradient acting on a segment
of the boundary line were constructed.

1. INTRODUCTION

Green’s function plays a very important role in finding integral solutions for boundary
value problems. Using the Green’s functions, the integral solutions for various problems
can be determined, but the most difficult in this method is the construction of these
functions. If the integral solutions are determined, then thermoelastic displacements and
thermal stresses can be derived. Thermoelastic displacements can be calculated using
the Maysel’s integral formula [I]. In this case the solution of boundary value problems
is not represented directly via the known values, but via the temperature field, which
must be found. Then a volume integral is calculated. To avoid having to determine the
temperature field in [2] Bl [, 5l [6] the author V. Seremet has proposed the generalization
of the Maysel’s and Green’s integral formulas in thermoelasticity:

u; (§) :afl/F(x)Ui(x,f)dV(a:) — /T(y)(wégy’g)drjj(y)
14 T'p
+/88T7Ey)Ui(y,§)dFN(y)+a*1/ [aT(y)—i-aa;;Ey)]Ui(y,g)dFM(y);i_l,2,3, (1)
I'n Y

where:
I'p, T'n si Ty are the parts of the body surface T' (T' = T'p UT'y UTs ), which

the Dirichlet’s boundary conditions (temperature T'(y)), the Neumann’s boundary condi-

9T (y)
Ony

tions (heat flux a ) and mixed boundary conditions (heat exchange between exterior

medium and surface of the body represented by law [aT(y) + G%Lrg)}) are prescribed; a

is thermal conductivity; F'(z) is the internal heat source; « is the coefficient of convective
heat conductivity; v = a4(2u + 3\) is the thermoelastic constant; ay is the coefficient of
the linear thermal expansion, but A, u are Lame’s constants of elasticity.
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If the thermoelastic displacements are determined using formula 7 the temperature
field need not to be determined. The thermoelastic displacements can be derived from
directly via the prescribed internal heat source, temperature, heat flux or a heat exchange
between exterior medium and surface of the body.

The thermal stresses for three-dimensional canonical domains of Cartesian system of
coordinates will be calculated by using the following type of Green’s integral formula [2]:

B 9%i;(y, €) oT(y)
o) =a”" [ F(@)Zy(@ V(@)= [ T(y)—5 ===dlp(y)+ % (y, €)dT n (y)
\/ F{ Oy r{ ony
ta ! / [aT(y) + aagéy)} S (y, €)dTar (y)s4, j = 1,2, 3. @)

T'm

The matrix 0;;(£) and X;;(z, ) in Eq. are defined by the components:

o1l 012 013 Y11 Y12 X3
0ij(§) =021 022 o2 |; Ei(x,&) =2 X2 o3|, (3)
031 032 033 Y31 Y32 Xs3

where:

>i; represents the influence functions for thermal stresses of a unit point heat source
and o;; represent the influence functions for thermal stresses caused by internal heat
source, temperature, heat flux or a heat exchange between exterior medium and surface
of the body.

The thermal stresses ¥;; and o;; can be determined of Duhamel-Neumann law [7]:

Oij = M(ui,j + ujl) + 61]()‘9 - PyT)7 0= Uk, ks iaj7 k= 17 2) 37 (5)

where:
di; is Kronecker’s symbol, if i = j — 1 and if ¢ # j — 0.

2. THERMAL STRESSES Zij WITHIN QUARTER-PLANE OF A UNIT POINT HEAT SOURCE

It is required to determine thermal stresses 0;;(£);4,j = 1,2 of a particular boundary
value problems in the quarter-plane P(0 < z1, 25 < 00) with boundary thermal conditions
Dirichlet. In this body acting the temperature gradient T' = T'(y1,0) on a segment from
boundary straight lines T'yo(0 < 31 < 00;y2 = 0):

T10(0,92) = 0,y € I'1p;
T(y) = § Too(y1,0) = To = const,y € (a < y1 < bjya =0),y € 2050 < a < by (6)
T2(y1,0) =0,y € (0<y1 < a;92 =0) U (b < y1 < 00392 = 0),y € I'a.

The mechanical boundary conditions:

— on the marginal line T'1o(y1 = 0;0 < yo < 00):

' —> 011 = 012 = 0; (7)

— on the marginal line I'y((0 < 31 < 00;y2 = 0):

on — Uy = 0;0'22 =0. (8)

The mechanical and thermal boundary conditions of a particular boundary value prob-
lems within quarter-plane are showed in the Figure[I]

To solve the problem it is necessary to determine thermal stresses X;;(z,§);4,5 = 1,2

of a unit point heat source, which are obtained if thermoelastic displacements U;(z, £);
1= 1,2 of a unit point heat source are known.
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FI1GURE 1. The scheme of the quarter-plane with the mechanical bound-
ary conditions o11, 012, 022, %1 and the thermal boundary conditions T'
applied on the boundary straight lines I'1g and I'yg for a boundary value
problems.

In this article for the first time the thermoelastic displacements U;(x,€); ¢ = 1,2 and
thermal stresses X,;(z,£);4,j = 1,2 of a unit point heat source using the structural for-
mulas obtained by the method of harmonic integral representations [2] has been proposed.
Thermal stresses o;;(z, ); 4, j = 1,2 in the quarter-plane P with thermal boundary condi-
tions @ and mechanical boundary conditions , were obtained by the temperature
gradient acting on a segment of the boundary line using of a particular integral formula
(2). In the field literature [§], [9] boundary value problems within qurter-plane are solved
by using ©G - convolution method, but other mechanical and thermal boundary condi-
tions .

2.1. Determination of thermoelastic displacements U;. In the quarter-plane P(0 <
21;x2 < o00) with thermal boundary conditions Dirichlet thermoelastic displacements
U;(x,€);i = 1,2 must be calculated for mechanical and thermal boundary conditions:

— on the marginal line I'p(y1 = 0;0 < yo < 00):

Yi1(z,y) = Sie(z,y) = 02 € P;Gr(y,&) = 0;y = (0,92) € T'o; 9)
— on the marginal line I'y(0 < y1 < 00;y2 = 0):
Yoo(z,y) = 0;Ur(z,y) = 0;2 € P;Gr(y,£) = 0;y = (y1,0) € Tg. (10)

All the mechanical and thermal boundary conditions are showed in Figure

To determine the thermal displacement using the structural formulas U;(z,&) and
O(z,¢) which has been demonstrated in 16 theorem of the monograph [2] for three-
dimensional canonical domains of Cartesian system of coordinates with boundary condi-
tions @ and . These structural formulas are valid for a two-dimensional problem. In
this case thermoelastic displacements take the following form:

0
Uy(z,€) = ﬁ [@GT(a:,fs) — 2,Gi(x,6) — 2 (xla 5 5») W (,€)
(/&WT (z,8)d& — ﬁ(fsm 51i)x1/WT(xv£)d£1):| j1=1,2, (11)

where:
Wr(z, &) is regular part of the Green’s functions Gr(z,§);
014; 02; are Kronecker’s symbols;
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FI1GURE 2. The scheme of the quarter-plane with the mechanical bound-
ary conditions Y11, Y12, 222, Uy and the thermal boundary conditions
G applied on the boundary straight lines 'y and I'yg.

B
O(x,§&) =
Green’s functions Gr,Ge and G;;i = 1,2 are connected with the boundary conditions
@[) and as follows: if on the marginal line a quarter-plane P thermal stresses are
known then derivatives of Green’s functions are equal to zero, and if on the marginal line
thermoelastic displacements are known then Green’s functions are equal to zero:

and volume dilatation:
2 0
(6r0. 9+ 2 Wr(a.). (12)

¥11=212=0Gr=0= G171 = G2,1 = G@,l =0, (13)
on the marginal line T';p(y; = 0;0 < y2 < 00) and

EQQZO;Ul:O;GT:O:>U1)1:U2,2:0:>@:0;G1:GQ,QZG@:(), (14)

on the marginal line 'y (0 < y1 < co;y2 = 0).
Green’s functions Gr; Ge; G and Gs for quarter-plane P are extracted from handbook
[3] or encyclopedia [I0] and these functions will be calculated by the following expressions:

1 rir
— @ IR
GT(xv 6) G (LC, 5) An In 1o ) (15)
Go(@,€) = Gr(2,6) = GV (z,€) = —— 1n 2112, (16)
’ ’ ’ 47 rry
Ga(2,8) = GP(z,6) = —*41 Inroriorry +c, (17)
vy

where:

r=(r1—&)* + (22 — &)% r = (21 + &) + (22 — &)

rog = (21— £1)% + (22 + &)% 112 = (21 + 1) + (22 + &2)%

Green’s function Gy(z,&) = GP)(z,€) contains an undetermined constant ¢, because
the solution to this boundary value problems is characterized by the indetermination, but
the result of this problem is obtained with precision of a constant.

The regular part of the Green’s function Gr(z,¢) is that part which contains
inferior index 1 (that part of the Gr(z,£) which are reflected via marginal line I'1g. So,
Wr(z,§) of the formulas and is calculated with the following equation:

1 r
1%@9:Emé. (18)
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Substituting expressions . , , 1 D in the formula and undetermined
constant ¢ of Green’s function Ga(x ) has been taken equal to zero ¢ = 0.
The final expressions for thermoelastlc dlsplacements Ui(x,€);i = 1,2 of a unit point heat
source for quarter-plane P are presented in the following formulas:

_ v 1 _ r ey
Ui(x,§) = 8700+ 20) [(331 +51)ln@ +(z1 — &) In . + 224 (>\+ +§1ax1) th
(19)

Us(z,§) = m {(1’2 +&2) In(r172) + (v2 — &2) In(rri2) — 2 <f’3151§ + 52) In :le

+ 2— (/gl In L acl/ln :1126151)} . (20)

2.2. Determination of thermal stresses %,;. The thermal stresses ¥;;(z,§) are cal-
culated using Duhamel-Neumann law , which for two-dimensional problems can be
rewritten in the following form:

Eij = /J,(Ui’j + ng) + 5@'()\@ — 'YGT)§ e = Uk,k(x,f);i,j, k=12, (21)

where: ©(z,£) - thermoelastic volume dilatation determined by the formula :

~ T2 2 9 "
- 1 el 22
O(z,§) A (A + 2p) <n7~r12 + )\—l—uxlaaﬁ nT12> 2

Substituting Green’s function Gr(z,€) (I5)), thermoelastic volume dilatation ©(z, &)
and expressions for thermoelastic displacements U;(x,£);¢ = 1,2 of a unit point heat
source — in the Duhamel-Neumann law , we obtain the expressions for main
thermoelastic functions for thermal stresses 3;;(z, §):

_ TH 12 i 1
Y (x,§) = an(h +25) (111 17 + (21 +§1)8§1 In —
pe
+(xy — 51)8i . - 2018155 e Tl) ; (23)
_ T TT12 0
Yoo(z,8) = IO+ 20) <1n Py, + (22 + 52)8752 In(ri2rz)
8 2 7“1 1
+(w2 — 52)3752 In(rry) — 22161 55 8{2 +2(z1 51)851 In 7’12) ; (24)
0
Yio(z,§) = m (( 51)852 2 + (w2 + fz)@ln(r12r2)
0 1
+($2—€2>a£ (TT1)+2§1 5 4$1§16§ 8621 7‘12> . (25)

The graphics of normal thermal stresses E11($,§), Yoo(x,€) and tangential thermal
stresses Y12(z, §) constructed by using computer program Maple 18 are presented in the
Figures Bla, @a si[fla of the Appendix.
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3. EXPLICIT THERMAL STRESSES 0;; OF A PARTICULAR BOUNDARY VALUE PROBLEM
WITHIN QUARTER-PLANE

According to thermal boundary conditions @ heat flux aaaT W) —

= 0, heat exchange

between exterior medium and surface of the body {aT( )+ %TT(;J)} = 0. Quarter-plane

P is acting the temperature gradient 7' = T'(y;,0) on a segment from boundary straight
lines T'20(0 < y1 < o0;y2 = 0), so, the internal heat source F(x) = 0. In this case the
type of Green’s integral formula has the following form:

(oo}
75(6) = = [ Tao(un.0)Qus 1,036 (26)
0
where:
Qij(y1,0:€) = (0/0ny,) %45 (y, €)- (27)
The matrix of thermal stresses (&) and ¥(z,§) are defined by the components:
w©= (0 02)s mao- (30 52). (29)

One by one substituting expressions - in the formula , we obtain the
formulas for thermal stresses:

o11(§) = )\+2 /352{ 1o —(y1+&) i Inr1

2
= 51) 2€, Inro + 25181 (;11 1117“10} dyn, (29)
b
o2
022(§) = ﬁjﬁo/ [ o, Inrg — &2z e In(r1070)
o2
—211&1 575 o2 85 Inrio — 2(y1 51)ag %6, 1117’10} dy, (30)
b

_ T10

o12(§) = 270+ 22) / [251 28 Inryo — (11 fl)agl In .
g In g 4 o 1 ]d 31
+87§1 (T10T0)+§za€1 652 In(rioro) + y1§1agl o8 nri| dyi, (31)

where:

ro =7(y1,0;€) = (11 — &)* + &3m0 = 11(y1,0:6) = (1 + &1)* + &5 (32)

After solving the integrals from the formulas - we obtain the following final
analytical expressions for thermal stresses 0;;(£) in the quarter-plane P caused by the
temperature gradient Ty acting on a segment a < y; < b of the boundary line I'y:

ywlo 0 710
onl8) = 2 (A + 2p) 0& [(yl &) ro
b
;o (33)

+4& (arctan L1 g; & — arctan Ll 6; §1> + 2& <y1 8%‘1 Inryg — 4)}

a
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o +& 1o
0'22(5) = m {8 arctan 52 52 §
b
-2 |:y1 & ( -y 86'2‘ )} (z 1117”10} ) (34)
T
o12(§) = % [651 96 Inryp — (11 51)85 n(r1070)

10 82 b

<2+€2 852 )111 +4y1€1 ({952 11’1’/‘10:| (35)

The graphics of normal thermal stresses o11(), 022(§) and tangential thermal stresses
o12(€) constructed by using computer program Maple 18 are presented in the Figures b7
[b si[Blb of the Appendix.

4. CONCLUSIONS

The expressions for thermoelastic displacements U; (z, £);¢ = 1,2 (L9]) and , thermal
stresses ¥;;(x,&);4,7 = 1,2 - (25) and 04;(8);4,5 = 1,2 - (35) in the quarter-
plane for the boundary conditions ([6]), and were obtained for the firts time. All
expressions are presented in terms of elementary functions. In determining the thermal
stresses 0;;(§);¢,7 = 1,2 for the particular problem it was not necessary to establish the
temperature field and use Maysel’s formula, and then to calculate the integral volume, but
the thermal stresses ¥;;(x,&);¢,j = 1,2 of a unit point heat source and the temperature
gradient Ty acting of the boundary line, then the integral surface is solved. All thermal
stresses 3;(x,§);1,5 = 1,2 and 0;(£);4,j = 1, 2 are presented graphically using computer
program Maple 18 and they are included into the Appendix. Using the thermal stresses
Yii(z,8);1,7 = 1,2 - of a unit point heat source, the thermal stresses for a
particular boundary value problems can be determined caused by the internal heat source
and/or the temperature gradient applied to one or both line in the quarter-plane of the
boundary conditions indicated. Using the thermal stresses o;;(§);4,j = 1,2 - ,
it is easy to determine the thermal stresses by the temperature gradient of any value,
applied within any segment of the line I'yg.
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APPENDIX. GRAPHICS OF NORMAL THERMAL STRESSES Y11, Y22, 011,022 AND
TANGENTIAL THERMAL STRESSES Y12,012 IN THE THERMOELASTIC QUARTER-PLANE,
CAUSED BY THE UNIT POINT HEAT SOURCE AND BY THE TEMPERATURE GRADIENT

Graphics of the thermal stresses ¥11(z,§), Xoa(x, &) and ¥1a(z,§) caused by a unit
point heat source applied in the point xy = 5m,xy = 5m within quarter-plane P
were constructed using computer program Maple 18. Graphics of the thermal stresses
011(€),022(€) and 012(€) caused by the temperature gradient Ty = 50K acting on a seg-
ment a < y; < b,(a = 4m,b = 6m) of the boundary line I'yo(0 < y; < o0;y2 = 0)
were constructed using computer program Maple 18. The value of elastic and thermal
constants are: the Poisson ration v = 0,3; modulus of elasticity F = 2,1 -10° M Pa and
coefficient of linear thermal expansion oy = 1,2-107°(K~1).

Normal thermal stresses X11(x,€) of a unit heat source applied in the point z; =
5m,xy = bm calculated by the formula are presented in the Figure 3] a. Normal
thermal stresses o11(€) caused by the temperature gradient Ty = 50K calculated by the
formula are presented in the Figure (3] b.

FIGURE 3. Graphics of normal thermal stresses 11 (z,&) and o11(€) in
the quarter-plane P in dependence of 0 < &1,&5 < 10, caused by a unit
heat source applied in the point zy = 5m, z2 = 5m - Figure 3} a; and by
the temperature gradient T, = 50K on the segment 4m < y; < 6m of
the boundary line I'yg - Figure [3] b.

Analyzing the Figure [3] graphics one can observe the following:

- the boundary conditions are respected: on the marginal line I'1g(§; = 0;0 < & <
00) = L11(z, &) = 0 (Figure 8] a); 011(€) = 0 (Figure 3] b);

- graphics have a local maximum: in the point of application of the unit heat
source r1 = dm, Xy = dmM (Figure a) and on the segment 4m < y; < 6m on the
marginal line T'gy by the temperature gradient (Figure [3] b).



NEW INTEGRAL SOLUTIONS FOR A THERMOELASTIC QUARTER-PLANE 15

Normal thermal stresses ¥oo(z,€) of a unit heat source applied in the point x; =
5m,x9 = bm calculated by the formula are presented in the Figure (4] a. Normal
thermal stresses g92(€) caused by the temperature gradient Ty = 50K calculated by the
formula are presented in the Figure [4] b.

a) b)

|
—

0.5
0
= . 'S
& 059 .
= EN -10-|
Q N ~N
W ]

FIGURE 4. Graphics of normal thermal stresses Yoo (xz, &) and o22(&) in
the quarter-plane P in dependence of 0 < &1,&; < 10, caused by a unit
heat source applied in the point zy = 5m, zo = 5m - Figure[d a; and by
the temperature gradient T, = 50K on the segment 4m < y; < 6m of
the boundary line I'yg - Figure [4] b.

Analyzing the Figure [4] graphics one can observe the following:

- the boundary conditions are respected: on the marginal line 'y (0 < &1 < 00; &5 =
0) — Soo(z, &) = 0 (Figure [d a); 022(£) = 0 (Figure [d] b);

- the graphic (Figure [4] a) has a local maximum in the point of application of
the unit heat source x; = 5m,x9 = 5m; and the graphic (Figure @ b) has a
discontinuity near the points a = 4m,b = 6m on the segment 4m < y; < 6m of
the boundary line I'yg.

Tangential thermal stresses ¥12(z, &) of a unit heat source applied in the point z; =
5m,xe = 5m calculated by the formula are presented in the Figure [5| a. Normal
thermal stresses 012(€) caused by the temperature gradient Ty = 50K calculated by the
formula are presented in the Figure [5] b.

Analyzing the Figure [5] graphics one can observe the following;:

- the boundary conditions are respected: on the marginal line I'1o(§; = 0;0 < & <
00) = X12(z, &) = 0 (Figure[§] a); 012(£) = 0 (Figure 5] b);

- the graphic (Figure |5, a) has a discontinuity in the point of application of the
unit heat source 1 = 5m,xo = 5m; and the graphic (Figure [5| b) has a local
maximum at the points a = 4m,b = 6m on the segment 4m < y; < 6m of the
boundary line T'yq .
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FIGURE 5. Graphics of tangential thermal stresses X1a2(z, &) and o12(§)
in the quarter-plane P in dependence of 0 < &1, &> < 10, caused by a unit
heat source applied in the point z1 = 5m, zy = 5m - Figure[5] a; and by
the temperature gradient Ty = 50K on the segment 4m < y; < 6m of
the boundary line I'yg - Figure 5] b.
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